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Abstract
In this thesis, we aim to understand the microscopic details and origin of the
Cosmological Horizon, produced by a static observer in four-dimensional de
Sitter (dS4) spacetime. We consider a deformed extension of dS spacetime by
means of a single Zq quotient, which resembles an Orbifold geometry.
The Orbifold parameter induces a pair of codimension two minimal sur-
faces given by 2-spheres in the Euclidean geometry. Using dimensional reduc-
tion on the two-dimensional plane where the minimal surfaces have support,
we use the Liouville field theory and the Kerr/CFT mechanism in order to de-
scribe the underlying degrees of freedom of the Cosmological Horizon. We
then show, that in the large q-limit, this pair of codimensions two surfaces
can be realized as the conformal boundaries of dS3. We notice that the central
charge obtained using Liouville theory, in the latter limit, corresponds to the
Strominger central charge obtained in the context of the dS/CFT correspon-
dence. This is a realization of the duality on lower dimension as a limit of the
orbifold geometry.
In addition, a formulation of entanglement entropy for de Sitter spacetimes
is given in terms of dS holography and also a different approach in which the
entanglement between two disconnected bulk observers is described in terms
of the topology of the spacetime. Therefore, a quarter of the area formula is
proposed, in which the area corresponds to the are of the set of fixed points of
an S2/Zq orbifold.
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11 Introduction
The d-dimensional de Sitter spacetime (dSd) corresponds to a maximally sym-
metric positively curved exact solution to Einstein equations with positive cos-
mological constant Λ, and its symmetry group corresponds to SO(1, d). Par-
ticularly in d = 4, the dS4 geometry can be cast into a Freidman-Robertson-
Walker metric with exponential inflation in time. Recent astrophysical obser-
vations [4, 5] indicates that our universe may end up in this scenario. Moreover
dS4 is used to model the cosmological inflation [6]. The fact that we live on an
expanding universe implies that an inertial observer would have access to only
one portion of the whole spacetime, therefore will be causally connected only
with a subregion of dS and will be surrounded by the so-called cosmological
horizon (H), that provides the concept of observable universe [7]. This because
the expansion of the space is so fast that the light-rays do not manage to prop-
agate to the entire universe.
In [8] Gibbons and Hawking have realized, using Euclidean quantum grav-
ity methods, that the Cosmological Horizon shares thermodynamic proper-
ties with the ones of black holes. An inertial observer inside the dS space-
time would detect thermal radiation at the horizon with a corresponding ther-
modynamic entropy conjugated that satisfy the Bekenstein-Hawking area law
[9, 10, 11, 12], that is reffered as the Gibbons–Hawking entropy. In [13, 14] it
has been pointed out that the Hilbert space may have finite dimension which
implies that standard Einstein theory with positive cosmological constant may
not be able to be quantized and this may become for a more fundamental the-
ory that determines the possible values of Λ. Then a universal microscopic
description of this thermal features of dS remains unknown.
Some attempts to this consist on try to describe the near horizon symme-
tries [15]. The constrained algebra of general relativity acquires a central ex-
tension under suitable set of boundary conditions, which in terms of Cardy’s
formula (3.146) resembles the quarter of the area law for entropy. In three
dimensions, the Chern-Simons formulation of gravity can be obtained for a
dS background by using SL(2,C) as a gauge group, which in a spatial disc
boundary, reduces to a Wess-Zumino-Witten conformal model [16]. Then, the
dS3 entropy arises as the entropy of highly excited thermal states [17] and its
in agreement with the semiclassical formula.
Furthermore for three-dimensional gravity, inspired in Brown-Henneaux
construction of asymptotic symmetries of three dimensional anti-de Sitter (AdS)
gravity [18], Strominger has proposed to describe the microscopic underlying
degrees of freedom at spacelike infinity of dS spacetime that can be described
2 Chapter 1. Introduction
in terms of a Euclidean (probably non-unitary) conformal field theory (CFT)
on a sphere. Therefore a dS/CFT correspondence was proposed [19] and some
concrete realizations of this duality can be found in [20, 21, 22, 23, 24, 25, 26,
27, 28]. In three dimensions, the Gibbons-Hawking formula has been recov-
ered from this duality [22], by using the Brown-York stress tensor [29], whose
infinitesimal variation under conformal transformation leads to a given central
charge which is exactly equal to the one found it for its AdS relative. Also this
correspondence has provide to reconstruct the same holographic conformal
anomaly as from the AdS/CFT dictionary [30, 31, 32] in four dimensions [33].
For the three-dimensional case it is also worth to notice that the dS/CFT cor-
respondence has been provided before the Strominger formulation, in which
a generalization for Chern-Simon theory with boundary its dual to a certain
CFT1 [25, 26, 34, 35, 36], which by using SL(2,C) as a gauge group corresponds
to dS3 and using SL(2,R) corresponds to AdS3.
Moreover, find stable vacua solutions in string theory has always been a
challenging problem [37, 38], conjecturing that the dS solutions are included in
the so-called swampland of string theory [39, 40, 41]. Therefore, understanding
dS spacetime is a fundamental key if we aim to someday describe a complete
theory of quantum gravity. The above mentioned AdS/CFT correspondence
is founded in string theory and attempts to extend the correspondence into
dS using different foliations of AdS space can be found in [42, 43] relating dSd
gravity theory with the low energy limit of a conformal field theory coupled
to gravity on a one-lower dimensional dS spacetime, has been used in [44, 45]
to describe the entanglement entropy interpretation of dS. Some realizations
of this latter proposal can be found in [46, 47, 48, 49, 47].
Here, we shall perform a conformal description of the horizon by using the
two-dimensional defects that arises after orbifolding the horizon. These two-
dimensional antipodal defects are coupled by a tension on top of the grav-
ity action. This motivates the conformal description of the horizon via the
trace anomaly formula for two-dimensional CFTs [50, 51]. In order to describe
this microscopically we make use of the Liouville conformal field theory as an
effective action for the defects, where we have identify the couplings of the
theory with the ones of the gravity side, and use this in order to obtain the
central charge what resembles the dS entanglement entropy by using Cardy’s
formula. As a different approach, it is possible to mimic the near-horizon ge-
ometry of Kerr black holes and use the Kerr/CFT correspondence [52], which
realize the dual description of the near-horizon region of extreme black holes
with a given chiral conformal field theory, this has allow us to reproduce the
Virasoro algebra where the central extension has also been used in the Cardy
formula leading to the same entropy obtained via Liouville and via conformal
trace anomaly. Both entropies are identified with the relative entropy that exist
between the branes and the horizon, and its in agreement with the dS4 entropy.
1We thank professor Mu-In Park for point this out.
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A different interpretation of the dS entropy corresponds to the entangle-
ment entropy on quantum field theory. This has been inspired by the calcu-
lation of entanglement via holographic techniques [53, 54, 55] in the context
of AdS/CFT, which relates this quantum property with geometry of the bulk
gravity theory. The dS entropy has been attempted to be interpreted as entan-
glement entropy from certain CFT, this has been done using the dS/CFT cor-
respondence by seeking for extremal co-dimension two surfaces dS [24] which
has been proposed to corresponds to a thermofield double state for a ghost-
CFT [56], and also relation of the analytically continued extremal surfaces via
Eculidean AdS space has been pointed out in [57]. A different holographic pro-
posal called dS/dS correspondence [42, 43], which relates dSd gravity theory
with the low energy limit of a conformal field theory coupled to gravity on a
one-lower dimensional dS spacetime, has been used in [44, 45] to describe the
entanglement entropy interpretation of dS.
In this thesis we manage to propose how to understand the dS4 entropy
as entanglement entropy, first between two disconnected conformal field the-
ories living at the spacelike boundary of the spacetime, and also for two dis-
connected bulk geometries at the interior. For the first we have assumed the
existence of an holographic duality whereby quantum gravity on dS is dual to
two copies of certain Euclidean conformal field theory, one copy per boundary.
In turn, the bulk observer can be described in terms of a thermofield double
state in the tensor product of the field theory Hilbert space, therefore the den-
sity matrix turns to be thermal.
Noticing that both boundaries conformal field theory have the topology of
a 3-sphere and the boundary replica symmetry, defined by azimuthal identifi-
cation, is guaranteed and the construction of branched cover boundary mani-
fold is trivial, and we made use of the replica trick [58, 59] allow us to compute
entanglement between this two.
For the second approach we have made use of the fact that the topology of
the bulk corresponds to the S2×w S2 which describes two disconnected Rindler
observers, and the entanglement entropy recovers the quarter of the area law
but in terms of the area of the set of fixed points. In this case the deformed
S2/Zq orbifolded horizon posses a manifest bulk replica symmetry, that can
be thought of as the observers back-reaction whose set of fixed points defines
a pair of minimal surfaces.
In both approaches the antipodal symmetry, that maps every point into its
antipodal opposite, plays a fundamental role. It has allows us to write the
quantum gravity partition function of a single CFT or Rindler wedge respec-
tively.
We close the thesis some discussions and conclusions. Some potentially
interesting directions of future work are given.

52 De Sitter spacetime
As it is motivated in the Introduction, we will now study the four-dimensional
dS spacetime, which in presence of an observer enhances a cosmological hori-
zon that surround this one. In this chapter, we will made a short review the
main features of dS and how it can be seen it as an embedding of a higher-
dimensional flat spacetime in Lorentzian signature. This is carried out by
choosing different embedding coordinates we can describe what is called the
global patch or the static patch for an observer. It is also showed that the cos-
mological horizon shares properties that resembles the ones of the black holes.
Later on the chapter, we introduce a different embedding that corresponds
to an extended static patch that covers both Rindler wedges of the interior and
describes the cosmological horizon as an sphere. At the end of this chapter
we proceed to made use of this extended coordinates in order to perform an
Orbifold that will be used during the computations to describe the dS entropy.
For this chapter we use great textbooks and notes to understand the dS
spacetime [60, 61, 62].
2.1 Coordinates and embbedings
De Sitter spacetime can be constructed and understood as an embedding on
a higher dimensional space. It corresponds simply to a timelike hyperbola
on a higher-dimensional Minkowski spacetime characterized by the radius `,
i.e., dSd ↪→ Md+1. The embedding metric is just the Lorentzian flat metric of
d + 1-dimensions
dSd ↪→Md+1 , ds2Md+1 = −dX20 + ∑
1≤i≤d
dX2i , (2.1)
and dS is defined as the hypersurface defined by the equation
X2 = `2 . (2.2)
The hyperboloid (2.2) has the topology ofR× Sd−1 with manifest O(d, 1) sym-
metrys.
2.1.1 Global coordinates
Even though the construction of de Sitter spacetime can be done in an arbitrary
dimension, the analysis performed during this thesis corresponds to the four-
dimensional case. We can define a global set of coordinates for the hyperbola
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by just defining
X0 = ` sinh(T/`) , Xi = ` cosh(T/`)zi , 1 ≤ i ≤ 4 , (2.3)
where zi coordinatize the unit 3-sphere, such that~z 2 = 1. Then, the resulting
metric for the hyperbola hat satisfy the hypersurface equation (2.2) is
ds2 = −dT2 + `2 cosh2(T/`) dΩ23 , (2.4)
where −∞ < T < ∞ and 0 ≤ Θ ≤ pi, also dΩ23 = dΘ2 + sin2ΘdΩ22 is the
unit 3-sphere line element, which is foliated by 2−spheres dΩ22. This are called
global coordinates, because they cover the whole hyperbola and 0 ≤ Θ ≤ pi.
The points Θ = {0,pi} are usually referred to as the north and south poles of
the global 3−sphere. This is an exact vacuum solution to the Einstein equation
with positive cosmological constant, relating the dS radius by
Λ =
(d− 1)(d− 2)
2`2
=
3
`2
, (2.5)
which, in four dimensions, can be related with the Hubble parameter as
H =
√
Λ
3
. (2.6)
Using conformal time τ such that
tan
τ
2
≡ tanh T
2`
, (2.7)
the line element yields
ds2 =
−dτ2 + dΩ23
cos2 τ
, (2.8)
and −pi/2 < τ < pi/2. The past and future infinities I± define the conformal
boundaries at
I± ≡ τ−1(±pi/2) , (2.9)
where both have the topology of an S3.
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N
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Fig. 1: Penrose diagram of dS4. The horizontal axis is the polar coordinate Θ of
the global S3, with north and south poles defined by the points Θ = 0,pi, respectively.
The dashed lines denote the future and past cosmological horizons H±.
Static patch and Rindler wedges
It is possible to fulfill the hyperboloid condition (2.2) by a different choice of
embedding coordinates
X0 =
√
`2 − rˆ2 sinh(tˆ/`) , X1 = √`2 − rˆ2 cosh(tˆ/`) , Xi = rˆyˆi , (2.10)
where
−∞ < tˆ < ∞, 0 6 rˆ < `, ∑
i
(yˆi)2 = 1 , i = 2, 3, 4 . (2.11)
The above parametrization yields the line element
ds2|RS = −
(
1− rˆ
2
`2
)
dtˆ2 +
drˆ2
1− rˆ2
`2
+ rˆ2dΩˆ22 . (2.12)
This describes the worldline of an observed O located at rˆ = 0. It can be seen
that this metric has a manifestly timelike Killing vector and that this observer
is surrounded by a cosmological horizon H, placed at rˆ = `. This souther
inertial observer is causally connected to its southern Rindler wedge
RS ≡ O+ ∩O− , (2.13)
whereO± corresponds to the causal future or past of the southern observerOS.
This Rindler wedge represents the set of all points in dS4 where he can send
signals to and receive signals from O. Its boundary defines the cosmological
horizon that surrounds the observer
∂RS ≡ H . (2.14)
The worldline corresponds, in the embedding coordinates, to
X1(O) =
√
`2 + (X0(O))2 , Xi(O) = 0 . (2.15)
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The Killing vector ∂tˆ is timelike inside R and null along the (Killing) horizon
H .
RSRN
I+
I−
• OS•ON
H H Fig. 2: Rindler wedge RS = O− ∩ O+ of an
observer OS at the south pole. The cosmological
horizon H = ∂RS is a bifurcated Killing horizon,
with bifurcation point the intersection H+ ∩ H−
at center of the diagram.
It has been shown in [8] that the cosmological horizon shares thermodynamical
properties with black holes [9, 10, 11, 63, 64, 12]. This can be seen by zooming
in the horizon region by using a small dimensionless parameter ε << 1,
rˆ = `
(
1− ε
2
2
)
, (2.16)
such that rˆ → ` when ε → 0. The line element is approximated by the Rindler
space as
ds2 ≈ `2
(
− ε
2
`2
dtˆ2 + dε2
)
+ . . . . (2.17)
Demanding the absence of conical defects (or excess) in the Euclidean sector
we obtain
TdS =
1
2pi`
, (2.18)
with a conjugated Gibbons-Hawking entropy
SdS = AH4h¯G4 =
pi`2
h¯G4
, (2.19)
which follows the Bekenstein area law of black hole horizons.
2.2 Antipodal defects and de Sitter space
We present a different set of embedding coordinates that also fulfill the hyper-
boloid equation (2.2) but cover both northen and southern Rindler wedges and
describe a pair of causally disconnected antipodal observers.
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2.2.1 Maximally extended coordinates
Parametrizing the embedding coordinates as
X0 =
√
`2 − ξ2 cos θ sinh(t/`) , X1 =
√
`2 − ξ2 cos θ cosh(t/`) , (2.20)
X2 = ξ cos θ , X3 = ` sin θ cos φ , X4 = ` sin θ sin φ ,
with the coordinates running as
−∞ < t < ∞ , −` < ξ < ` , 0 ≤ θ ≤ pi , 0 ≤ φ < 2pi . (2.21)
This choice leads to the following line element
ds2 = `2(dθ2 + sin2 θ dφ2) + cos2 θ
[
−
(
1− ξ
2
`2
)
dt2 +
dξ2
1− ξ2
`2
]
, (2.22)
what describes the union of the Rindler wedges of two inertial observers. It
follows that the Rindler wedges are causally disconnected at θ = pi/2, and the
observers are then defined at
θ
∣∣
RN
∈
[
0,
pi
2
)
, θ
∣∣
RS
∈
(
pi
2
,pi
]
. (2.23)
We can also check that the timelike isometry, defined by the Killing vector
∂2t =
cos2 θ
`2
(
ξ2 − `2
)
, (2.24)
flips the sign when passing from one Rindler wedge to other, and vanishes at
ξ = ±`. This defines the bifurcated Killing horizon H which has a fixed time
topology of a 2−sphere of radius `.
This topology corresponds of a fibration of dS2 over S2, with manifest SL(2,R)
isometry of dS2, which contains the timelike generator (2.24), and breaks the
SO(3) symmetry of the S2 down to U(1). Then the isometries in the equator
θ = pi/2 corresponds to U(1), for the north and south poles its SL(2,R) and
for every other point SL(2,R)×U(1).
Comparing the parametrizations of the embedding coordinates X0 and X1
in equations (2.3) and (2.20), we find
cosh2(T/`) sin2Θ =
ξ2
`2
cos2 θ+ sin2 θ ,
sinh2(T/`)
1− cosh2(T/`) sin2Θ = sinh
2(t/`) .
(2.25)
From the first equation (and by the choice (2.23)), it follows that the worldlines
ofON andOS are mapped to the north and south poles of the global S3, located
at Θ = 0,pi, respectively. From the second equation and by comparing the
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signs of X0, it also follows that
t|Θ=0 = T , t|Θ=pi = −T , (2.26)
that is, the local time runs forwards in RN and backwards in RS.
By combining (2.25) with (2.24) we can compare the cosmological horizon
H with the global coordinates
sin2Θ = cos2 τ , (2.27)
and check that form two diagonals on the Penrose diagram, viz.
H = ∂(RN ∪RS) . (2.28)
By using the parametrization of the (transversal section) 2-sphere
dΩˆ22 = dθˆ
2 + sin2 θˆdφˆ2 . (2.29)
Comparing the maximally-extended embedding coordinates (2.20) and the static
patch (2.10),
tˆ = sign(cos θ) t , φˆ = φ , (2.30)
and
tan θˆ =
` tan θ
ξ
, rˆ =
√
`2 sin2 θ + ξ2 cos2 θ . (2.31)
The last two relations can be inverted as follows
sin θ =
rˆ sin θˆ
`
, ξ =
`rˆ cos θˆ√
`2 − rˆ2 sin2 θˆ
. (2.32)
Transformations (2.30)–(2.32) make explicit the map from the regions of the
double Rindler wedge with 0 ≤ θ < pi/2 and pi/2 < θ 6 pi, to RN and RS,
respectively.
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•ON
•OS
• •
I+
I−
OSON RN RS
Fig. 3: Global depiction of the double Rindler wedge coordinates. The worldlines
of the observers ON and OS are sent to the global north and south poles, respectively.
The north hemisphere of the 2-sphere is mapped to the northern Rindler wedge RN.
Likewise, the south hemisphere is sent to the southern Rindler wedge RS.
Henceforth we will refer to this geometry as the de Sitter spacetime and will
be deformed in the following section.
2.3 Orbifolding the Horizon
By considering the maximally-extended static patch (2.22) it is possible to gen-
erate what is known as the spindle geometry [65].
A two dimensional orbifold Γn = Γ(q1, q2) corresponds to a Riemann sur-
face Γ that can be endowed with a metric structure for particular values of the
anisotropy parameters qi, that has n-marked points, referred as orbifold points.
Near an orbifold point it is possible to identify cyclically by zi ∈ C/Zqi with qi
non-zero positive integers
zi ∼ exp
{
2pii
qi
}
zi . (2.33)
A possible definition for a Riemmanian metric g(Γn) can be obtain by imposing
compatibility with the orbifold structure such that, in polar coordinates zi =
r exp{iφ}, near an orbifold point one has
g = dr2 +
r2
q2i
dφ2 . (2.34)
When the anisotropy parameters are just qi = 1 we recover the metric of the
cone. Therefore, we can see that the anisotropy parameter induces conical
singularities on g at every orbifold point, with deficit angles
∆φi = 2pi
(
1− 1
qi
)
. (2.35)
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Then, assuming analytic continuation of the anisotropy parameter q to the real
numbers, in the limit qi → 1, the orbifold points xi becomes non-singular
marked points.
It is possible to achieve an orbifold as the quotient Γ = Γˆ/Σ, with Γˆ an
smooth surface and Σ a discrete group. The particular case of an Γˆ = S2
will be used to define the orbifolded cosmological horizon, this particular two-
dimensional orbifold recovers the called spindle geometry S2(q1, q2).
An orbifold is called good orbifold, if it has some covering orbifold which
is a manifold and bad orbifold if it does not. An example of a bad orbifold is
teardrop
•Zq
Fig. 4: The underlying space for a teardrop is S2. The set of marked points
consists of a single point, whose neighborhood is modeled on R2/Zq, where
Zq acts by rotations.
Comparing the upper and lower halfs of the teardrop it is no possible to have
connected covering of both hemispheres and therefore it is not possible to gen-
erate a covering manifold orbifold. It can be proof that if M is a manifold and
Σ is a group acting properly discontinuously on M, then M/Σ has the struc-
ture of an orbifold.
For the S2 with two singular marked points, each one associated with groupd
Zq1 and Zq2 is a bad orbifold unless q1 = q2 = q. The case of more than two
marked points on S2, this always corresponds to a good orbifold.
We are interested in the case when we can endow a metric structure onto
this case. The case when q1 = q2 = q corresponds to a good orbifold and can be
expressed as
S2(q, q) ∼= S2/Zq . (2.36)
By using the parametrization (2.29) of the unit two-sphere, the spindle metric
can be taken to be
ds2spindle = dθ
2 +
sin2 θ
Q(θ)2
dφ2 , (2.37)
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with θ = 0,pi marked points and Q(θ) is an arbitrary smooth positive function
that satisfy the asymptotic behaviour [66]
Q(θ) =
{
q +O(θ2) , θ → 0 ,
q +O((θ − pi)2) , θ → pi . (2.38)
As this is the exact geometry presented by the maximally extended coordi-
nates, we follow to generate the spindle geometry onto the cosmological hori-
zonH ∼= S2 by choosing two Zq orbifold point with same anisotropy parame-
ter q. As a result the dS4 geometry (2.22) is deformed with conical singularities
as
ds2 = `2ds2spindle + w
2ds2dS2 , (2.39)
where the warp factor w = cos θ that satisfy the boundary conditions
w2
∣∣
θ=0,pi = 1 , (w
2)′
∣∣
θ=0,pi = 0 . (2.40)
The resulting geometry will be denoted by
d̂S4 ≡ dS4/Zq . (2.41)
The induced two dimensional geometry at the orbifold points, is given by the
boundary conditions (2.40)
(ΣN, h) =
(
d̂S4, g
)∣∣
θ=0 , (ΣS, h) =
(
d̂S4, g
)∣∣
θ=pi
, (2.42)
with induced metric structure
h = −
(
1− ξ
2
`2
)
dt2 +
dξ2
1− ξ2
`2
. (2.43)
We will refer to the codimension two submanifolds (ΣN, h) and (ΣS, h) defined
in (2.42) as defects, and to the space filling up the region between defects as the
bulk1.
The conical deficit induced by the anisotropy parameter q contributes with
a δ−function distribution to the Riemann tensor on each orbifold point [67].
The resulting Ricci scalar reads
Rq = R− ∑
i=N,S
4pi
(
1− 1
q
)
δΣi . (2.44)
with δΣi a projector on the defects. By integrating the Ricci scalar in the singu-
lar manifold d̂S4 we generate the Einstein-Hilbert action coupled to a pair of
1The metric on the defects corresponds to dS2 what has an isometry group the Lorentz
group in three dimensions what is locally isomorphic to the special linear group SO(1, 2) ∼=
SL(2,R)/Z2 exactly as in the AdS2 case.
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Nambu-Goto action (one for each defect), viz
I[d̂S4] ≡ 116piG4
∫
d̂S4
d4x
√−g (R(q) − 6
`2
)
=
1
16piG4
∫
d̂S4\(ΣN∪ΣS)
d4x
√−g (R− 6
`2
)
− ∑
i=N,S
Tq
∫
Σi
d2y
√−h ,
(2.45)
which is simply a bulk integral excluding the defects, plus two Nambu-Goto
actions that has been added in order to solve the Einstein equations. Actually
these two defect actions corresponds only to a fix metric action. Therefore
there is no dynamics on the codimension-2 integrals and corresponds to a fixed
Nambu-Goto string. These both are coupled to the tension
Tq = 14G4
(
1− 1
q
)
. (2.46)
The tension contribution to the stress-tensor which is localized on the defects
TNij = T
S
ij = Tqhij , (2.47)
As said above, these stress tensor are supported on each defects. The orb-
ifolded horizon is schematically illustrated in Figure 5
•xN
•xS
H ∼= S2
S2/Zq
•
•
(ΣN, h)
(ΣS, h)
`q = `/q
Fig. 5: dS horizon with two marked points xN and xS. The orbifolding of H deforms
the spherical geometry to S2/Zq spindle, with radius `q ≡ `/q.
The geometry of de Sitter space is recovered in the limit q → 1. We will refer
to it as tensionless limit henceforth.
d̂S4
∣∣
q=1 = dS4 . (2.48)
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Another feature of the metric (2.22) is that by the transformation
t→ i`ϕ , 0 ≤ ϕ < 2pi, (2.49)
ξ → ` cos ϑ , 0 ≤ ϑ ≤ pi , (2.50)
this cast the metric into
ds2
`2
= dθ2 + sin2 θ dφ2 + cos2 θ(dϑ2 + sin2 ϑ dϕ2) , (2.51)
which corresponds to the geometry of a direct product
g = S2L ×w S2R , (2.52)
where the left and right 2-spheres (labeled by L and R) are identical, and they
both admit a Zq action (discrete φ and ϕ identifications). Then, when actually
implementing the Zq action, there are two possible choices. This will be used
to describe the entropy ofH as entanglement entropy in chapter 7.
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3 Conformal Field Theories
A short review on conformal field theories in two- and higher-dimensions is
given. This review is based on [68, 51, 69, 70, 71, 72].
3.1 Conformal Group in d ≥ 3
For a metric tensor gµν describing a d-dimensional spacetime, we can define
the conformal transformations of the coordinates as the invertible map x → x′
that would leave the metric invarian up to a scale factor, this can be read as
g′µν(x′) = Ω(x)gµν(x). (3.1)
This transformation is locally equivalent to a (pseudo) rotation and a dilation.
The set of conformal transformations forms a group, which includes Poincaré
as a sub-group, since this last is achieved if the scale Ω = 1.
Now, let us continue by the study the change of the conformal transforma-
tion by transforming the coordinates by xµ → x′µ = xµ + εµ(x), with ε(x) as
the local infinitesimal parameter. The metric transform as
gµν(x)→ g′µν(x) =
∂xρ
∂x′µ
∂xσ
∂x′ν
gρσ (3.2)
Usually, if a transformation of the metric is such that maps a point on a man-
ifold M into a different one, and leaves the metric invariant, it is called an
isometry
g′µν(x′) = gµν(x′), (3.3)
which, for infinitesimal transformations xµ → x′µ = xµ + εµ(x) reads
g′µν ≡
∂xρ
∂x′µ
∂xσ
∂x′ν
gρσ
=
(
δ
ρ
µ − ∂µερ
)
(δσν − ∂νεσ)
= gµν −
(
∂µεν + ∂νεµ
)
+O(ε2). (3.4)
As is mentioned above, a isometry satisfy the condition (3.3). Using (3.4), and
dropping the second order contribution on the infinitesimal parameter, we ob-
tain the Killing equation
∇µεν +∇νεµ = 0, (3.5)
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and the exact solutions to this equation are called Killing vectors. This equa-
tion corresponds to the vanishing of the Lie derivative of the metric along the
Killing vector ξµ. For the case of conformal symmetry, this acquires an extra
term that comes from (3.1) of the form
∂µεν + ∂νεµ = f (x)gµν, (3.6)
where f (x) is a function of the coordinates that remains to be determined. In
order to do this, we follow to take trace of Eq.(3.6) and use gµνgµν = d
f (x) =
2
d
∂αε
α. (3.7)
For sake of simplicity, we will continue using the Minkowski metric, i.e. gµν =
ηµν = diag(−1, 1, . . . , 1). Applying an extra derivative on (3.6), making a cyclic
permutation of the indices and combine the resulting equations, we can write
∂µ∂νεα =
1
2
(
ηµα∂ν f + ηνα∂µ f − ηµν∂α f
)
, (3.8)
and contracting the µ, ν-indices
∂2εµ =
2− d
2
∂µ f . (3.9)
The derivative of the f -function can be achieved by just by applying a deriva-
tive on (3.6), which leads to
(2− d)∂µ∂ν f = ηµν∂2 f , (3.10)
here we can clearly see that two-dimensional CFTs are quite different. Con-
tracting the indices with a metric tensor we get a final equation for f
(d− 1)∂2 f = 0. (3.11)
We can immediately see that in one-dimensional spacetime any function f is
solution of the above equation. Then any smooth transformation is conformal
in one dimension, what was expected by the fact that in one dimension is there
no notion of angles.
Another important point is manifested by (3.10), that conformal transfor-
mations in d = 2 are also a particular case and will be revisited later. For d ≥ 3,
(3.11) implies that ∂µ∂ν f = 0. Then, f is at most linear in the coordinates, and
we can write the generic form
f (x) = A + Bµxµ, (3.12)
with A and Bµ constant. Applying this Ansatz to (3.6), we get that ∂µ∂νεα =
Constant and therefore we can rewrite
εµ = aµ + bµνxν + cµνρxνxρ, (3.13)
3.1. Conformal Group in d ≥ 3 19
with cµνρ totally symmetric tensor.
As these equations hold for all xµ, we may treat each power of the coor-
dinate separately. It follows immediately that aµ is an arbitrary free constant,
and is related to infinitesimal translations. The second term, which is linear in
the coordinates, plugged in (3.7) implies that bµν must correspond to a sum of
an antisymmetric part and a pure trace. This corresponds to an infinitesimal
rigid rotation and an infinitesimal scale transformation, respectively. For cµνρ,
the same analysis leads to
cµνρ =
1
d
(
ηµρcααν + ηµνc
α
αρ − ηνρcααµ
)
. (3.14)
Defining bµ ≡ 1d cααµ, we can now write the whole infinitesimal transformation
xµ → x′µ = xµ + εµ(x) completely
x′µ = xµ + 2(x · b)xµ − bµx2. (3.15)
what is often called special conformal transformations (SCT). Also we have found
the most general conformal transformation
εµ(x) = aµ + mµνxν + αxµ + 2(b · x)xµ − bµx2, (3.16)
with mµν = −mνµ and α a free constant.
demanding that metric (restoring back to an arbitrary curved metric) is pre-
served under this infinitesimal transformation, up to an overall scale factor,
namely
g′µν(x′) = Ω−2(x)gµν(x′) (3.17)
such that
Ω2(x)g′µν(x) =
∂x′ρ
∂xµ
∂x′σ
∂xν
gρσ, (3.18)
and under infinitesimal conformal transformations leads to the so-called Con-
formal Killing equation
∇µεν +∇νεµ = 2d∇γε
γgµν(x) , (3.19)
where the conformal factor in this case, was also fixed by taking the trace of the
above equation. We now can fin the corresponding generators. As it is usual,
let us defined them by
δφ(x) ≡ φ′(x)− φ(x) = −i
(
aµPµ +
1
2
mµνLµν + αD + bµKµ
)
φ(x) , (3.20)
where φ′(x) is a field obtained from φ′(x), by acting with an infinitesimal trans-
formation. To obtain the generators, we will consider the simplest case, which
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corresponds to the scalar field, which satisfy
φ′(x′) = φ(x) . (3.21)
For the infinitesimal transformation on the coordinates follows
δφ(x) = −εµ(x)∂µφ(x). (3.22)
Plugging the explicit form of εµ(x) we obtain the generator
Pµ = −i∂µ, Lµν = i
(
xµ∂ν − xν∂µ
)
, D = −ixµ∂µ, Kµ = i
(
x2∂µ − 2xµxν∂ν
)
.
(3.23)
We can recognize the first three, as the operators that generate translations,
rotations and dilatations respectively. The last one is the aforementioned SCT
generator. The finite version of the generators is given by the exponentiation
of this last
x′µ = exp{iaνPν}xµ = xµ + aµ, translations
x′µ = exp{ i
2
mρνLρν}xµ = Mµνxν rotations
x′µ = exp{iαD}xµ = αxµ, dilations
x′µ = exp{ibνKν}xµ = x
µ − bµx2
1− 2(b · x) + b2x2 SCT, (3.24)
with det
(
Mµν
)
= 1. The finite version of the SCT can be rewritten in the fol-
lowing form
x′µ
x′2
=
xµ
x′2
− bµ , (3.25)
This transformation is pictorially represented in Fig. 1
−1 1
xµ
x·x
xµ
x′µ
x′·x′−bµ
x′µ
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Fig. 6: A pictorially finite Special Conformal Transformation. Here it is shown that the
finite SCT corresponds to an inversion, which maps a point in the circle for one
outside of it, a translation and finally an inversion again. Leading the point xµ to
a different point x′µ. Original figure from [73]
Due to the particular point xµ = bµ/b2 which maps the point xµ to infinity, we
observe that the SCT are not globally defined.
Going back to the generators (3.23), this form the Conformal Algebra by
obeying the following commutation relations
[D, Pµ] = iPµ ,
[Kµ, D] = iKµ ,
[Kµ, Pµ] = i2
(
ηµνD− Lµν
)
,
[Kµ, Lαβ] = i
(
ηµαKβ − ηµβPα
)
,
[Lµν, Lαβ] = i
(
ηναLµβ − ηµαLνβ + ηµβLνα − ηνβLµα
)
, (3.26)
while the other ones commutes
[Pµ, Pν] = [Lµν, D] = [Kµ, Kν] = 0 . (3.27)
Then the Conformal Algebra contains as a sub-algebra the Poincaré algebra
formed by the generators Pµ and Lµν .
It is possible to rewrite this commutation relations by defining a higher-
dimensional generator JAB which is anti-symmetric JAB = −JBA, and A, B ∈
{−1, µ, d}, with d the dimension of the spacetime. This generator have the
following properties
Jµν = Lµν, J−1,µ =
1
2
(Pµ − Kµ)
J−1,d = D, Jd,µ =
1
2
(Pµ + Kµ) . (3.28)
This new generators satisfy the algebra of rotations in d+ 1 dimensions so(1, d+
1). The explicit algebra is off course
[JAB, JCD] = i (ηAD JCD − ηAC JBD + ηBC JAD − ηBD JAC) . (3.29)
This explicitly shows the isomorphism between the Lorentz group in (d +
1)−dimensions, i.e. SO(1, d + 1), and the Conformal Group in d dimensions.
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3.1.1 Representations of the Conformal Group
An infinitesimal transformation
x′µ = xµ +ωa
δxµ
δωa
,
φ′(x′) = φ(x) +ωa
δφ′(x′)
δωa
, (3.30)
where {ωa} is a set of infinitesimal parameters. Now we can define the gener-
ators Ga of a symmetry transformation by
δωφ(x) ≡ δ′(x)− δ(x) ≡ −iωaGaφ(x) . (3.31)
And comparing with (3.30) we obtain the following expression for the genera-
tors
iGaφ(x) =
δxµ
δωa
∂µφ(x)− δφ
′(x′)
δωa
. (3.32)
Now we can seek for a matrix representation Tg of a conformal transformation
parametrized by ωg, such that a field transforms as
φ′(x′) =
(
1− iωgTg
)
φ(x) . (3.33)
To obtain the Tg generators we will start by studying the subgroup of Poincare
group that leaves the point x = 0 invariant, which corresponds to the Lorentz
group. Suppose that we have a field at the origin, that transform in some
matrix representation of the Lorentz group in the following way
Lµνφ(0) = Sµνφ(0) . (3.34)
Here Sµν is some matrix. Now, it follows to translate the Lorentz generator
away from the origin. This by using the translation operator Pµ
Lµνφ(x) = exp{ixµPµ}Sµν φ(0)
= exp{ixµPµ}Sµν exp{−ixνPν} exp{ixρPρ}φ(0) ,
= exp{ixµPµ}Sµν exp{−ixνPν}φ(x) . (3.35)
It follows to apply the Baker-Campbell-Hausdorff formula, which for A and B
some operators reads
exp{−A}B exp{A} = B + [B, A] + 1
2
[[B, A], A] + . . . , (3.36)
which leads to
exp{ixαPα}Lµν exp{−ixαPα } = Sµν − xµPν + xνPµ . (3.37)
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And using this, we can see that the generators act as
Pµφ(x) = − i∂µφ(x) ,
Lµνφ(x) =
[
i
(
xµ∂ν − xν∂µ
)
+ Sµν
]
φ(x) . (3.38)
By using the Hausdorff formula (3.36) we can use the commutation relations
(3.26) to express the generators as
exp{ixνPν}Kµ exp{−ixνPν} = Kµ + 2xµD− 2xνLµν + 2xµxνPν − x2Pµ ,
exp{ixνPν}D exp{−ixµPν} = D + xαPα . (3.39)
In the full conformal algebra, only the subgroup of rotations, dilations and spe-
cial conformal transformations leaves the origin invariant. We denote Sµν,−i∆
and kµ the respective values of those generators at x = 0, viz
Lµνφ(0) = Sµνφ(0) ,
Dφ(0) = − i∆φ(0) ,
Kµφ(0) = kµφ(0) . (3.40)
These values must form a matrix representation for the reduced algebra, the
commutation relations are
[kµ, kν] = 0 ,
[∆, Sµν] = 0 ,
[∆, kµ] = kµ ,
[Sµν, kα ] = − i{ηαµkν − ηανkµ} ,
[Sµν, Sαβ] = − i{ηµαSνβ − ηναSµβ + ηµβSαν − ηνβSαµ} . (3.41)
With this we can see from Eq.(3.40) that we can obtain other transformation
rules
Kµφ(x) =
(
kµ − i2xµ∆− xνSµν − 2ixµxν∂ν + ix2∂µ
)
φ(x) ,
Dφ(x) = − i (xµ∂µ + ∆) φ(x) . (3.42)
If we now imply that the field belongs to an irreducible representation of the
Lorentz group, then by the Schur’s lemma, any quantity that is commuting
with the generators Sµν, then that quantity must be a multipleof the identity
operator. This forces to all the kµ to vanish. As a consequence, ∆ must be some
number known as the scaling dimensions. Thus,
Lµνφ(0) = Sµνφ(0) ,
Dφ(0) = − i∆φ(0) ,
Kµφ(0) = 0 . (3.43)
A field that satisfies this last is called a primary. Then, the lowering operator
Kµ are annihilates the primary state at x = 0, and we can obtain an infinite
number of states called descendants by cting repeatedly with the translation
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operator Pµ which corresponds to just derivatives of the primary.
DPµφ(0) =
(
[D, Pµ] + PµD
)
φ(0) ,
=
(
iPµ + PµD
)
φ(0) ,
= − i(∆− 1)Pµ(∆− 1)φ(0) . (3.44)
With this we can form the descendants. The field φ(x) = exp{ixµPµ }φ(0) is
not a descendant either, but an infinite linear combination of descendants.
The scaling dimensions ∆ of a field is defined by the action of a scale trans-
formation
φ(λx) = λ−∆φ(x) . (3.45)
For the scale factor of (3.1), the Jacobian of the conformal transformation x →
x′ is ∣∣∣∣∂x′∂x
∣∣∣∣ = 1√
detg′µν
= Ω−d/2 , (3.46)
then it can be shown that a spinless field (Sµν = 0) transforms as
φ(x)→ φ′(x′) =
∣∣∣∣∂x′∂x
∣∣∣∣−∆/dφ(x) , (3.47)
any field that transform like (3.47) is called a quasi-primary. More generally, the
transformation properties of a field are determined by ∆ and its spin.
3.1.2 Symmetries and Stress-Energy Tensor
Considering an action functional
S[φ] =
∫
ddxL(φ, ∂φ) , (3.48)
if we have a transformation φ(x) → φ′(x), we can call this transformation a
symmetry if
S[φ′] = S[φ] . (3.49)
The symmetries play a fundamental role in physics. One of the most beautiful
theorems in physics was proposed by the mathematician Emmy Nöther [74]
which says that every differentiable symmetry of the action of a physical system has a
corresponding conservation law. For a generic infinitesimal variation of the field
φ′(x) = φ(x) + δφ(x) , (3.50)
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acts on the action in the following form
δS[φ, δφ] = S[φ′]− S[φ]
=
∫
ddx
[
∂L
∂φ
− ∂µ
(
∂L
∂µφ
)]
δφ+
∫
ddx∂µ
(
∂L
∂µφ
δφ
)
, (3.51)
where the first term corresponds to the equations of motion. Going on-shell
we finally get
δS[φ, δφ] ≈
∫
ddx∂µ
(
∂L
∂µφ
δφ
)
. (3.52)
Therefore, the vanishing of this boundary term ensures that the transformation
is a symmetry of the theory. In general we could shift the current by some
vector kµ that its proportional to the infinitesimal transformation parameter
exactly as δφ, let us called λa. Then the total-derivative term ∂µ jµ reads
jµ = kµ − ∂L
∂µφ
δφ , (3.53)
where the fields satisfy the field equations. The Nöther current is proportional
to the infinitesimal transformation jµ = λa Jµa , and all this parameters are in-
dependent from each other and each Jµa must be conserved. The J
µ
a are called
Nöther currents.
Also Qa are called Nöther charges which are associated to each continuous sym-
metry
Qa =
∮
dd−1x nµ jµ . (3.54)
They satisfy, under Poisson brackets
δaφ(x) = {φ(x), Qa} (3.55)
if δφ is a symmetry of the action.
One of the most important quantities in field theory is the Stress-Energy
Tensor (or Energy-Momentum tensor), this will be particularly relevant in two-
dimensional CFT’s that are going to be described in section 3.2. The Energy-
Momentum Tensor, is the conserved current associated to translation invari-
ance, whose components give the density and flux density of energy and mo-
mentum. For a Lagrangian of the form L = L(φ(x), ∂µφ(x)), an infinitesimal
transformation on the coordinates xµ → xµ + εµ leads to the following canoni-
cal conserved current (See Appendix B).
δS =
∫
ddx Tµνδgµν, (3.56)
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with
Tµν = −gµνL+ ∂L
∂(∂µφ)
∂νφ , (3.57)
with a conservation law ∂µTµν = 0 satisfied. Now we will see how the con-
formal symmetry will be expressed in terms of Ward identities into the Stress
tensor. Considering conformal transformation in (3.56)
δS =
∫
ddx Tµν∂µεν =
1
2
∫
ddx Tµν(∂µεν + ∂νεµ). (3.58)
using (3.6) and (3.7) we obtain
δS =
1
d
∫
ddx Tµµ∂αεα . (3.59)
And we can see that if the energy-momentum is traceless, this ensures that the
theory is conformal invariant. The inverse of the last statement is not always
true, due to the fact that ∂αεα is not an arbitrary function.
For Lorentz rotations of the scalar field the conserved current correspond-
ing to conformal transformation is obtained by the Nöther theorem, and de-
pends on the stress-tensor
jµνρ = Tµνxρ − Tµρxν , (3.60)
which follows from the conservation of Tµν and using the symmetry of this.
Similarly for dilatations
jµ = Tµνxν , (3.61)
which is conserved only if Tµν is traceless. Then the conserved charges associ-
ated to conformal transformation depends on the stress-tensor.
3.2 Two-dimensional Conformal Field Theories
3.2.1 Conformal Group
Consider the coordinates (z0, z1) on the plane. Now applying a coordinate
system change zµ → wµ(x), then the metric transform as
gµν →
(
∂wµ
∂zα
∂wν
∂zβ
)
gαβ . (3.62)
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Now, the condition that defines a conformal transformation (3.1) imposes that
the metric transformation behaves as g(w) ∝ g(z), explicitly(
∂w0
∂z0
)2
+
(
∂w0
∂z1
)2
=
(
∂w1
∂z0
)2
+
(
∂w1
∂z1
)2
, (3.63)
expanding
∂w0
∂z0
∂w1
∂z0
+
∂w0
∂z1
∂w1
∂z1
= 0 . (3.64)
These conditions are equivalent either to
∂w1
∂z0
=
∂w0
∂z1
, and
∂w0
∂z0
= −∂w
1
∂z1
, (3.65)
or to
∂w1
∂z0
= −∂w
0
∂z1
, and
∂w0
∂z0
=
∂w1
∂z1
. (3.66)
The first equations (3.65) are recognized as the Cauchy-Riemann equations for
holomorphic functions, whereas (3.66) defines antiholomorphic functions. We
can use this last to motivate the use of complex coordinates z and z¯, with the
following translation rules
z = z0 + iz1 , z¯ = z0 − iz1 , (3.67)
the inverse transformations
z0 =
1
2
(z + z¯) , z1 = − i
2
(z− z¯) . (3.68)
For the derivatives
∂z =
1
2
(∂0 − i∂1) ≡ ∂ , ∂z¯ = 12(∂0 + i∂1) ≡ ∂¯ , (3.69)
or
∂0 = ∂+ ∂¯ , ∂1 = i(∂− ∂¯) . (3.70)
In terms of the complex coordinates, the metric tensor then reads
gµν =
1
2
(
0 1
1 0
)
, gµν = 2
(
0 1
1 0
)
. (3.71)
where µ = (z, z¯). This metric tensor allow to rise and lower (anti)holomorphic-
indices. In this lenguage, the holomorphic Cauchy-Riemann equations (3.65)
can be rewritten
∂¯w(z, z¯) = 0 , (3.72)
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whose solution is any holomorphic mapping (no z¯ deppendence)
z→ w(z). (3.73)
We can now analyze the Stress-Tensor in two-dimensional Euclidean CFT, it
has some important properties. Using the coordinate change Tµν = ∂x
α
∂xµ
∂xβ
∂xν Tαβ
for (3.68) we obtain
Tzz =
1
4
(T00 − 2iT10 − T11) ,
Tz¯z¯ =
1
4
(T00 + 2iT10 − T11) ,
Tzz¯ =
1
4
(T00 + T11)
1
4
Tµµ = 0 . (3.74)
Where we have used Tµµ = 0. This implies that
Tzz =
1
2
(T00 − iT10) , Tz¯z¯ = 12(T00 + iT10) , (3.75)
now, it is known from the Noether theorem that the stress tensor corresponds
to a conserved quantity ∂µTµν = 0, then two condition arise
∂0T00 + ∂1T10 = 0 , ∂0T01 + ∂1T11 = 0 , (3.76)
from which follows that
∂¯Tzz =
1
4
(∂0 + i∂1) (T00 − iT11) ,
=
1
4
(∂0T00 + ∂1T10 + i(∂1T00 − ∂0T10) ,
= 0 . (3.77)
The same calculation for the complex counterpart leads to the same result
∂Tz¯z¯ = 0. This means that the two non-vanishing components of the Stress-
Tensor are a chiral and anti-chiral field
Tzz(z, z¯) = T(z) , Tz¯z¯(z, z¯) = T(z¯) . (3.78)
3.2.2 Global Conformal Transformations
The past section was a local analysis of the transformation for the metric ten-
sor. Now let us impose that the conformal transformation can be defined evry-
where and be invertible in order to form a group. The invertible map that
whole plane into itself form a set of global conformal transformation the we
call the special conformal group. It turns out that the complete set of such
mapping is
f (z) =
az + b
cz + d
, with ad− bc = 1 , (3.79)
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and a, b, c, d ∈ C. These mappings are called projective transformations or
Mobious transformations, and can be associated to the matrix
A =
(
a b
c d
)
. (3.80)
Also, is easy to check that the conformal group in two dimensions is isomor-
phic to SL(2,C).
3.2.3 Generators
We can write any holomorphic infinitesimal local transformation as
z′ = z + ε(z) . (3.81)
Now, it follows to assume that the infinitesimal parameter admits a Laurent
expansion around z = 0
ε(z) =
∞
∑
n=−∞
cnzn+1 . (3.82)
For a scalar field, the infinitesimal transformation (3.81) implies
δφ =∑
n
(
cn`n + c¯n ¯`n
)
φ(z, z¯) . (3.83)
where the generators ` and ¯` have the form
`n = −zn+1∂z , ¯`n = −z¯n+1∂¯ . (3.84)
The commutation relations for the generators are
[`m, `n] = zm+1∂
(
zn+1∂
)
− zn+1∂
(
zm+1∂
)
,
= (n + 1)zm+n+1∂− (m + 1)zm+n+1∂ ,
= − (m− n)zm+n+1∂ ,
= (m− n)`m+n ,
[ ¯`m, ¯`n] = (m− n) ¯`m+n ,
[`m, ¯`n] = 0 . (3.85)
This corresponds to the so-called Witt algebra, which is the direct sum of two
isomorphic algebras. If we restrict n = −1, 0, 1, this is also a subalgebra
SL(2,C), which is contained in the full Witt algebra. Actually these subalgebra,
is the one associated to the global conformal transformations, from reads
n = − 1 , `−1 = −∂ , translations ,
n = 0 , `0 = −z∂ , scale transformations ,
n = 1 , `1 = −z2∂ , special conformal transformations . (3.86)
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Analoge for ¯`n. In polar coordinates z = r exp{iφ} the generators reads
`0 = −12
(−r∂r + i∂φ) , ¯`0 = 12 (r∂r + i∂φ) , (3.87)
and is easier to see that
`0 + ¯`0 = −r∂r , i
(
`0 − ¯`0
)
= −∂φ , (3.88)
are the generators of dilatation and rotations, respectively.
Primary Fields in Two-Dimensions
In two dimensions, the rotation group SO(2) is labeled simply by just one
number, and there the effect of the spin is easy to conclude.
Applying a rotation z = exp{iθ}z on a field of spin s, this transform as
φ′(z′, z¯′) = exp{−isθ}φ(z, z¯) . (3.89)
If a quasi-primary field has scaling dimensions ∆, the transformation z′ = λz
with λ ∈ C, which corresponds to a rotation with angle exp{iθ} = (λλ¯−1) 12 .
Such a dilatation renders to
φ′(z′, z¯′) = (λλ¯)−
∆
2 (λλ¯−1)−
∆
2 φ(z, z¯) ,
= λ−hλ−h¯φ(z, z¯) , (3.90)
where h is known as the conformal dimension of the field. It is defined (and the
antiholomorphic counterpart h¯) as
h =
1
2
(∆+ s) , h¯ =
1
2
(∆− s) . (3.91)
It can be checked that this definition holds for any globally defined conformal
transformation
φ′(z′, z¯′) =
(
dz′
dz
)−h (dz¯′
dz¯
)−h¯
φ(z, z¯) . (3.92)
A primary field in two-dimensions is the field that transform in the above fash-
ion (3.92), even for two dimension that we have an infinite number of lo-
cally defined conformal transformations. Under infinitesimal transformations
z′ = z + e(z), these transform as
−δφ(z, z¯) = (e∂φ+ hφ∂e) + (e¯∂¯φ+ h¯φ∂¯e¯) . (3.93)
3.2.4 Radial quantization
Instead following the standard canonical quantization procedure, we will fol-
low the method called radial quantization, in which the time coordinate corre-
sponds to the radial direction on the plane.
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z = exp{−iw} x
0
x1
z
Fig. 7: Weyl transforming the plane into a cylinder
A Lorentzian theory on a cylinder would have an open coordinate−∞ < x0 <
∞ and a compact one x1 ∼ x1 + 2pi. Therefore to go to Euclidean, we would
have to compactify the time coordinate. We introduce the complex coordinate
w = x0 + ix1 , w ∼ w + 2pii . (3.94)
The cylinder can now be mapped to the complex plane (modulo the origin)
by a conformal transformation. The origin corresponds to a point at infinity
on the cylinder, by this integration on z corresponds to contour integration
around the origin . This also maps the generators (3.88) to space and time
translations
H = `0 + ¯`0 , P = i(`0 − ¯`0) , (3.95)
time evolution becomes radial rescaling and space translations become rota-
tions.
Over the cylinder we can Fourier expand the fields using the periodicity of
the w−coordinate
φ(w, w¯) =
∞
∑
n=−∞
∞
∑
m=−∞
φn,m exp{−(nw + mw¯)} . (3.96)
For primary fields (3.92) the conformal transformation from the plane to the
cylinder reads
φ(z, z¯) =
(
dz
dw
)−h ( dz¯
dw¯
)−h¯
φ(w, w¯) , (3.97)
and (3.96) we get
φ(z, z¯) =
∞
∑
n=−∞
∞
∑
m=−∞
φn,mz−n−hz¯−m−h¯ , (3.98)
32 Chapter 3. Conformal Field Theories
which corresponds to a Laurent series. Using Cauchy integration we can ob-
tain the coefficients of the expansion as
φn,m =
∮ dz
2pii
∮ dz¯
2pii
zn+h−1z¯m+h¯h−1φ(z, z¯) . (3.99)
To see the asymptotic states into the new coordinates we can use the fact that in
CFT’s the set of local operators and the space of states are isomorphic to each
others. The states that are created in the infinite past corresponds to a single
point z = 0 on the complex plane. Therefore we can define the asymptotic
states with the primary field as
|φ〉 = lim
z,z¯→∞ φ(z, z¯) |0〉 . (3.100)
And therefore by notice (3.99), we can see that in order to have a well define
asymptotic states we must requiere that the vacuum
φn,m |0〉 = 0 , n > −h , m > h¯ . (3.101)
The hermitian conjugation in Lorentzian signature just affect the time like co-
ordinate. Then we must impose that z → 1/z∗ in order to cancel the factor of
i that appears in the continuation. A primary field is conjugated as
φ(z, z¯)† = z¯−hz−h¯φ(1/z¯, 1/z) . (3.102)
Laurent expanding the right hand side we get
φ(z, z¯)† =
∞
∑
n=−∞
∞
∑
m=−∞
φ−n,−mz−n−hz¯−m−h¯ , (3.103)
and therefore using (3.98) we get
φ†n,m = φ−n,−m . (3.104)
In cylinder coordinates, a conserved current is expanded as
∂µ jµ = ∂ j¯ + ∂¯j = 0 , (3.105)
with corresponding Nöther charge
Qj =
1
2pii
∮
dz jz +
1
2pii
∮
dz¯ jz¯ , (3.106)
and we can notice that each term is conserved separately, due to each of the
currents is pure holomorphic and antiholomorphic respectively.
As we have seen above, the conserved currents in CFT corresponds to com-
ponents of the stress-tensor. This can be seen by considering an infinite set of
conserved quantities by e(z)j and e¯(z¯) j¯ with e and e¯ both arbitrary functions.
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For the stress-tensor
∂Tz¯z + ∂¯Tzz = 0 , ∂Tz¯z¯ + ∂¯Tzz¯ = 0 . (3.107)
Using the traceless condition Tzz¯ = 0, then we define T(z) = Tzz and T¯(z¯) =
Tz¯ z¯. Expanding the e parameter in a general form
e(z) =
∞
∑
n=−∞
enzn+1 . (3.108)
Replacing this leads to the conserved charges
Ln =
1
2pii
∮
dz zn+1T , L¯n =
1
2pii
∮
dz¯ , z¯n+1T¯ . (3.109)
On the literature this are called Virasoro generators. The stress tensor in terms
of this generators are
T =
∞
∑
n=−∞
Ln zn+2 , T¯ =
∞
∑
n=−∞
L¯n z¯n+2 . (3.110)
We now define the radial ordering opertaror R, which acts over two different
local operators evaluated at different points as
R(φ1(z)φ2(w)) =
{
φ1(z)φ2(w) |z| > w
φ2(w)φ1(z) |w| > |z| , (3.111)
which is the analogue to time ordering on the cylinder. We can now see that
the integral of two radial ordered local operators evaluated at the same point
becomes∮
z=w
dz R(u(z)v(w)) =
∮
C1
dz u(z)v(w)−
∮
C2
dz v(w)u(z) , (3.112)
where the contours are C1 := |z| = |w|+ ε and C2 := |z| = |w| − ε. Defining
U =
∮
z=0 dz u(z) and taking the limit ε→ 0 the commutator takes the value
[U, V] =
∮
w=0
dw
∮
z=w
dz R(u(z)v(w)) . (3.113)
Therefore under conformal transformations the variation of a primary field
reads
δφ(w) = [φ(w), Qe] = − 12pii
∮
z=w
dz e(z)T(z)φ(w) . (3.114)
Recalling the Cauchy integration for an arbitrary function f (z) that is analytic
at z = w ∮
z=w
dz
2pii
f (z)(z− w)−n = f
(n−1)(w)
(n− 1)! , (3.115)
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now imposing (3.93) we see that the product between T and φ must behave as
T(z)φ(w) =
h
(z− w)2φ+
1
(z− w)∂φ+ regular terms . (3.116)
This are called operator product expansion (OPE), which allow to analyze the di-
vergent terms on the product between two fields evaluated at different points,
which is expanded as a series of operators at a single point. For the stress-
tensor the OPE between it self reads
T(z)T(w) ∼ c
2(z− w)4 +
2
(z− w)2 T(w) +
1
(z− w)∂T(w) , (3.117)
where the term c in the lead divergent term its known as the central charge of
the theory, and is related with the degrees of freedom on the theory. Therefore
the transformation of the stress-tensor
δeT(w) =
1
2pii
∮
z=w
dz e(z)R(T(w)T(z))
=
c
12
∂3e(w) + 2∂e(w)T(w) + e(w)∂T(w) . (3.118)
We can now see the finite form of this variation by using exponentiation to get
T(w)→ T(w)(∂ f )2T(g(w)) + c
12
Sc( f , w) , (3.119)
where c is a constant defined with the factor 1/12 by convention, f (z) cor-
responds to the infinitesimal transformation on the coordinates (3.81), and
Sc[ f , z] is the Schwarzian derivative defined as
Sc[ f , z] =
∂3 f
∂ f
− 3
2
(
∂2 f
∂ f
)2
. (3.120)
On the cylinder coordinates z we get
Tcylinder(z) = (∂zω(z))2T(w(z)) +
c
12
Sc[w, z] = −
(
w2T(w)− c
24
)
, (3.121)
and the mode expansion (3.110) renders
T(w) =
∞
∑
n=−∞
w−n−2Ln , (3.122)
then comparing both last we obtain
Tcylinder(z) = −
(
∞
∑
n=−∞
Ln exp{−inz} − c24
)
, (3.123)
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and analogue for the antiholomorphic counterpart. Also the translation gener-
ators (3.95) adopts a shift by this definition
H =
1
2pi
∫
dx1T00 = L0 + L¯0 −
(
c
24
+
c¯
24
)
,
P =
1
2pi
∫
dx1T01 = L0 − L¯0 −
(
c
24
− c¯
24
)
, (3.124)
By computing the commutator between two different Virasoro operators (3.109)
we get
[Ln, Lm] =
∮
w=0
dw
2pii
∮
z=w
dz
2pii
wm+1zn+1R(T(z)T(w))
=
∮
w=0
dw
2pii
wm+1
{ c
12
(n + 1)n(n− 1)wn−2 + 2(n + 1)wnT(w) + wn+1∂T(w)
}
=
c
12
n(n2 − 1)δn+m,0 + 2(n + 1)Ln+m − (m + n + 2)
∮
w=0
dw
2pii
wm+n+1T(w) ,
(3.125)
and finally
[Ln, Lm] = (n−m)Ln+m + c12n(n
2 − 1)δn+m,0 . (3.126)
This its known as the Virasoro algebra which is also satisfied by the antiholomor-
phic Virasoro generators L¯n with central charge c¯. This algebra corresponds to
the centrally extended Witt algebra (3.85). For n = 0 the generators satisfy
[L0, Lm] = −mLm , (3.127)
and for m = −1, 0, 1 this forms the algebra of SL(2,R) which differs by a sign
with the SU(2) algebra. The algebra by Ln and L¯n with n = −1, 0, 1 form
SL(2,R)× SL(2,R) ∼ SO(2, 2).
On a Torus
As we have obtained some properties of CFTs by using radial quantization on
a cylinder, we now can go to the particular case of a torus, which corresponds
to a cylinder that has been compactified on the non-compact direction x0 there-
fore is the same analysis for periodic boundary conditions on this direction.
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Fig. 8: A torus with two cuts representing the compactification of the cylin-
der.
The torus can be understood in terms of points in the complex plane that differ
by a linear combination of two identical vectors. Choosing x0, x1 ∈ [0, L] the
area of the torus is just L. The torus can be parametrized by a single complex
number τ = τ1 + iτ2 with τ2 ≥ 0 where in this parametrization the number τ
is known as the complex torus modulus or structure. We can identify points z
on the complex plane simply by
z→ z + L , z→ z + L . (3.128)
which can be viewed as
Im z
Re z0 R
τ τ + R
Fig. 9: Symmetries of the torus see it at the complex plane.
It can been seen that τ is the same torus as τ + R, therefore corresponds to a
symmetry. Also an inversion of this form τ → ττ+R corresponds to a symmetry,
therefore using the translation by R we get
τ → −1
τ
. (3.129)
These transformation corresponds just to the modular group
τ′ = aτ + b
cτ + d
, a, b, c, d ∈ SL(2,R) , (3.130)
and as we have seen the inversion of sign does not affect the transformations,
and therefore it corresponds to modular invariance PSL(2,R) = SL(2,R)/Z2 .
Now let us see the partition function on the torus, for this we should compute
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the path integral of the Euclidean action of configurations on the torus.∫
Dφ exp{−SE[φ]} , (3.131)
this can be expressed in terms of the Hamiltonian of the theory, which is related
to the zero Virasoro modes, for periodic boundary conditions is simply∫
bc
Dφ exp{−SE[φ]} = Tr exp{−βH} , (3.132)
where β is the period of the euclidean time. The case of the torus this formula
is valid, due to the compactification of the cylinder. If we would have τ1 = 0
(pure imaginary torus modulus), then for a torus of radius R = 1, the period-
icity is just proportional to the imaginary part of the modulus
β = 2piIm τH . (3.133)
In the case that we have τ1 6= 0 then we have to consider a shift on the x1-
coordinate of the cylinder before gluing both extremes. To do this we must use
momentum operator P that generates translations onto the spatial direction.
This will be shifted by just a factor of 2piReτ, then the exponential obtains an
extra correction of the form∫
bc
Dφ exp{−SE[φ]} = Tr exp{−2piImτH} exp{iP(2piReτ)} , (3.134)
and using (3.124) we obtain∫
bc
Dφ exp{−SE[φ]} = Tr exp{2piiτ
(
L0 − c24
)
} exp{−2piiτ¯
(
L¯0 − c24
)
} ,
(3.135)
3.3 Cardy entropy
Cardy has shown [75] by manipulation of the partition function of a two di-
mensional CFT and using the modular invariance, that the number of states of
the theory can be related to the central charge of it, this has been used partic-
ularly in the context of AdS3/CFT2 in order to count the number of degrees
of freedom that ensembles the BTZ black hole [76, 77], and for extremal black
holes in higher dimensions in the context of string theory [78, 79].
We will made use of this formula in order to describe the microscopic ori-
gin of the degrees of freedom the are enhanced due to the presence of a static
observer on our universe. We will derive this formula by following [80]. The
partition function on the torus defined before in the microcanonical ensemble
as
Z(τ, τ¯) = Tr exp{2pii(τL0 − τ¯L¯0)} =∑ ρ(∆, ∆¯) exp{2pii(∆τ − ∆¯τ¯)} ,
(3.136)
38 Chapter 3. Conformal Field Theories
where ρ corresponds to the number of state which have eigenvalue L0 = ∆ and
L¯0 = ∆¯. Now let us use contour integration and isolate the number of states.
ρ(∆, ∆¯) =
1
(2pii)2
∫ dq
q∆+1
dq¯
q¯∆¯+1
Z(q, q¯) . (3.137)
Where q = exp{2pii}, q¯ = exp{2piiτ¯}. For simplicity we will suppress the
τ¯-dependance for the computation. Notice that
Z(τ) = exp
{
2pii
24
cτ
}
Z0(τ) . (3.138)
Using the modular invariance of the torus, then
Z(τ) = exp
{
2pii
24
c
}
Z0(−1/τ) = exp
{
2pii
24
cτ
}
exp
{
2pii
24
c
1
τ
}
Z(−1/τ) ,
(3.139)
therefore
ρ(∆) =
∫
dτ exp{−2pii∆τ}exp
{
2pii
24
cτ
}
exp
{
2pii
24
c
1
τ
}
Z(−1/τ) . (3.140)
If Z(−1/τ) varies slowly near the extremum τ ∼ i√c/24∆ for large ∆, sub-
stituting this we obtain the Cardy formula
ρ(∆, ∆¯} ∼ exp
{
2pi
√
c∆
6
+ 2pi
√
c∆¯
6
}
Z(i∞) . (3.141)
Where we have restored the ∆¯-dependance. This is known as the Cardy for-
mula and the logarithm describes the asymptotic density of states for two Vi-
rasoro generators of a two dimensional CFT. We need to check the saddle point
approximation (see Appendix A),
Z(i/e) =∑ ρ(∆) exp{−2pi∆/e} , (3.142)
If the lowest eigenvalue of L0 is ∆ = 0, then lime→0Z(i/e) → constant. But if
not, then the approximation is not valid. This can be corrected by defining
Z˜(τ) =∑ ρ(∆) exp{2pii(∆− ∆0)τ = exp{−2pii∆0τ}Z(τ) , (3.143)
which goes to a constant if τ → i∞. Then
ρ(∆) =
∫
dτ exp{−2pii(∆τ − ∆0/τ)} exp
{
2pii
24
(cτ + c/τ)
}
Z˜(−1/τ) ,
(3.144)
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which can be evaluated on the saddle point approximation for a large ∆, which
renders
ρ(∆) ∼ exp
{
2pi
√
(c− 24∆0)∆
6
}
ρ(∆0) = exp
{
2pi
√
ce f f∆
6
}
ρ(∆0) ,
(3.145)
which is the generalization for the case of ∆0 6= 0, for example Liouville theory
has a non-zero ∆0, and therefore the effective central charge must be used. For
logarithmic corrections to this formula see [81].
If the theory has a chiral- and non chiral-sector, recovering the ∆¯-dependence,
the Cardy formula is just
S = 2pi
√
c
6
∆ + 2pi
√
c¯
6
∆¯ (3.146)
whith the numbers c and c¯ as the holomorphic and anti-holomorphic central
charges of the CFT respectively. Using the definition of the associated temper-
atures for each of the movers we can transform the system into the canonical
ensemble (
∂S
∂∆
)
∆¯
=
1
TL
,
(
∂S
∂∆¯
)
∆
=
1
TR
, (3.147)
which implies
∆ =
pi2
6
cT2L, ∆¯ =
pi2
6
c¯T2R , (3.148)
and finally, the Cardy formula adopts the form
S = pi
2
3
(cTL + c¯TR) . (3.149)
In chapter 5 we will describe different entropies on quantum field theories, that
later will be used together with Cardy entropy in order to do a microscopic
description of the cosmological horizon.
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4 Liouville Theory
The Liouville-Polyakov theory consist in a two-dimensional CFT with a dy-
namical metric which posses a continuous spectrum and has been fully solved
in the sense that the three point function has been found it analytically on the
sphere [82, 83]. It corresponds to quantum gravity in two dimensions which
consist in a toy model for four-dimensional gravity. The theory has a critical
and non-critical sector.
In this chapter we will made use of the wonderful different reviews [70, 69,
84] and subtract what will be used latter in chapter 8 in order to understand
the cosmological horizon in terms of the Liouville conformal field theory.
Discuss c = 1 class not enought (Martinec), see non constant central charge
(banados embbedings).
4.1 Classical Liouville theory
It is possible to perform a local analizys of the Liouville theory by choosing
some reference metric gˆ on a surface Σ such that we define the Liouville scalar
field φ in terms of the fiducial metric
g = exp{γφ}gˆ . (4.1)
By this change, the Liouville action on complex coordinates reads [85, 86, 87,
88]
SLiouville =
1
4pi
∫
d2z
√−gˆ ( 1
γ
φRˆ +
1
2
(∇ˆ2φ)2 + µ
2γ2
exp{γφ}
)
. (4.2)
Where γ2 = h¯ is the only relevant coupling constant of the theory. The µ-
term is referred as the cosmological constant term makes the different between
the Liouville theory and the background charge for the case of pure imaginary
background charge. Off course boundary terms can be added on top of (4.2)
but these does not affect the local analysis performed here. If µ > 0 then the
action (4.2) is bounded from below and the equation of motion respect the
Liouville field (in terms of the original metric) R[g] = −µ/2 implies that the
metric (4.1) has a constant negative curvature. The action (4.2) posses a Weyl
invariance and defines a classical conformal field theories for a particular value
of Q, the Weyl transformation
gˆ→ exp{2β}gˆ , γφ→ γφ− 2β , (4.3)
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implies that the Ricci scalar transform as
R[exp{2β}gˆ] = exp{−2β}
(
Rˆ− 2∇ˆ2β
)
, (4.4)
using these transformations the action remains invariant only if
Q = 2/γ , (4.5)
and therefore a classical conformal field theory is defined. The stress-tensor
Tµν = −2pi δSδgµν takes the form
Tzz = − 12∂µφ∂
µ +
1
2
Q∂2φ ,
Tz¯z¯ = − 12 ∂¯µφ∂¯
µ +
1
2
Q∂¯2φ¯ , (4.6)
and is traceless as its expected Tzz¯ = 0. As its seen in (4.1) the Liouville field
is part of the metric and therefore under conformal transformations z → v =
f (z) the field change as
γφ→ γφ+ log
∣∣∣∣dvdz
∣∣∣∣2 . (4.7)
These leaves the element exp{γφ}dzdz¯ invariant. Under this transformation
law eqrefphiconf the stress-tensor transform as a tensor up to a Schwarzian
derivative (3.120) Sc[v,γ] = v
′′′
v′ − 32
(
v′′
v′
)
,
Tzz →
(
dv
dz
)2
Tvv +
1
γ2
Sc[v;γ] , (4.8)
which, by followin chapter 3, a Virasoro algebra with central charge c = 12/γ2.
For this, consider the system living on a flat cylinder with 0 ≤ θ < 2pi the
parametrization of the space direction, and time time coordinate t to be non-
compact.
Defining the conjugated momenta to φ
Π =
δS
δφ˙
=
1
4pi
φ˙ . (4.9)
Whose commutation relations (under classical Poisson brackets) reads
{φ(θ, t),Π(θ′, t′)} = δ(θ′ − θ) . (4.10)
Going to light-cone coordinates x± = θ± t , the stress tensor remains traceless
and it has an extra term due to the change of coordinates to the cylinder z =
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exp{t + iθ}
T±± =
1
2
(∂±φ)2 − 1
γ
∂2±φ+
1
2γ2
=
1
4
(4piΠ+ φ′)2 − 1
2γ
(4piΠ+ φ′)2 + µ
8γ2
exp{γφ}+ 1
2γ2
. (4.11)
Expanding these into Fourier modes
L±n =
∫ 2pi
0
dθ
2pi
T±± exp{inθ} , (4.12)
defines two copies of the Virasoro algebra
i{L±n (t), L±m} = (n−m)L±n+m +
c±
12
n(n2 − 1)δn+m,0 , (4.13)
with same central charge
c± = 12/γ2 . (4.14)
Also the commutator of Ln and exp{αφ} shows that this last is a primary field
(defined in chapter 3 as the field annihilated by all Ln for n > 0) with confor-
mal weight ∆ = α/γ .
Solutions to the Liouville theory can be obtained by the method developed
in [89] usinf the Uniformization theorem [90] which says that any Riemann
surface Γ is conformally equivalent to the Riemann sphere (CP1), the Poincare
upper half plane (H) or a quotient of H by a discrete subgroup Σ ⊂ SL(2,R)
(acting as Möbius transformation).
A constant negative curvature solution to the field equations for (4.1) can
be supported by H
ds2 = exp{γφ}dzdz¯ = 4
µ
1
(Im z)2
dzdz¯ . (4.15)
These element is invariant under Möbius transformations (3.79), i.e., the group
PSL(2,R) = SL(2,R)/Z2, and thus descends to a metric
ds2 = exp{γφ}dzdz¯ = 4
µ
∂A∂¯B
(A− B)2 dzdz¯ , (4.16)
on the Riemann surface Hˆ = H/Σ for arbitrary local holomorphic functions A
and B. These solutions are off course in the Euclidean case.
It can be show for these solution that theory can be described by a single free
field [91, 92, 93] by expanding in a finite sum of products of holomorphic and
44 Chapter 4. Liouville Theory
antiholomorphic functions and using the Bäcklund transformation [94]
exp{−jγφ} =
(
16
µ
)−j j
∑
m=−j
ψ
j
m(z)ψjm(z¯) , (4.17)
which under (3.79) transformations the holomorphic field transform like spin
j representations of SL(2,R). For j = 1/2 the fields satisfy(
∂2 +
γ2
2
T(z)
)
ψ±1/2(z) = 0 . (4.18)
We can use the bosonization method by writing the fields as
ψ±1/2 := exp
{−γ
2
Φ±
}
, (4.19)
which produces the stress-tensor
T = −1
2
(∂Φ±)2 +
1
γ
∂2Φ± . (4.20)
It has been showed in [91] that the fields Φ± and their respective momenta
satisfy free field Poisson brackets, but not the bracket of two different Φ+ and
Φ−, therefore are not independent implying that one can be solved in terms of
another and the full theory on this background is fully described by a singled
field.
The Minkowskian case is find it by setting for simplicity the Liouville field
to constant φ = φ0(t) that is independent of the spatial coordinate θ. This
method is called mini-superspace approximation, that defines the equation of a
particle moving on a potential V = µ
γ2
exp{γφ0}+ (2γ2)−1 which is a particle
with momentum p > 0, with general solution
exp{γφ0(t)} = 16γp
2
µ
exp{2pγt}
(1− exp{2pγt})2 , (4.21)
with no solution for p = 0 and invariant under p = −p. More general solu-
tions with θ−dependence are given by
exp{γφ} = 16
µ
A′(x+)B′(x−)
(1− AB)2 , (4.22)
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4.2 Quantum Liouville theory
In this section we review the quantum structure of the Liouville theory. In this
regime we are interested in compute the correlation functions
〈Πi exp{αiφ(ζi)}〉 =
∫
Dφ exp{−S[φ]}Πi exp{αi(ζi)} . (4.23)
The study of this correlation functions depends heavily on the expansion of γ,
because expanding on the cosmological constant µ does not make sense, this
because its value can be changed by shifting the Liouville field. Therefore the
different sectors of the theory depends on the value of the coupling constant
γ.
Using semi-classical limit approximation γ << 1 has been found that the
correlation functions can be obtained on this regime for fixed areas method
[95] and show differences with the free bosonic conformal field theory and
that (4.23) does not vanish for generic αi’s.
For the quantum regime we must consider high-order corrections of γ in
the 1/γ expantion. We follow to made use of canonical quantization following
[96, 97, 98, 99, 100]. Constructing free field using normal ordering and checking
commutation relation in order to achieve the quantum oscillator algebra, the
expanded field reads
φ(β, τ) = φo(τ)− 14pi ∑n 6=0
1
in
(an(τ) exp{−inβ}+ bn(τ) exp{inβ}) ,
Π(β, τ) = po(τ) +
1
4pi ∑n 6=0
(an(τ) exp{−inβ}+ bn(τ) exp{inβ}) , (4.24)
where a†n = a−n, b†n = b−n. Now it follows to impose the standard relation on
the equal time commutator
[φ(β′, τ),Π(β, τ)] = iδ(β′ − β) . (4.25)
Which implies that the an and bn are creation operator if n < 0 and annihilation
operators if n > 0.
[bn, bm] = [an, am] = nδn,−m , [a0, a†0] = 1 , [an, bm] = 0 . (4.26)
By introducing a new parameter Q = 2/γ +O(1) the stress-tensor (4.11) its
modified as
T+− = 0
T++ =
1
8
(4piΠ+ φ′)2 − Q
4
(4piΠ+ φ′)′ + µ
8γ2
exp{γφ}+ Q
2
8
. (4.27)
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And also modifying the action (4.2) as
SLiouville =
1
4pi
∫
d2z
√−gˆ (Q
2
φRˆ +
1
2
(∇ˆ2φ)2 + µ
2γ2
exp{γφ}
)
. (4.28)
In order to the quantum action to be conformal invariant, we can check the that
the Virasoro algebra is satisfied in the equal time commutator relation of T++
(using the operators (4.24)) and that [T++, T−−] = 0, these are both satisfied
only if
Q =
2
γ
+ γ . (4.29)
The value of the central charge in terms of Q is
c = 1+ 3Q2 . (4.30)
The quantization also can be carried out by using the free fields (4.19) and is
more straightforward [96, 97, 98, 99, 100].
The study of the spectrum of the quantum theory can be carried out by
analyzing the φ0 mode [101]. The Schrödinger equation for the zero mode is
simply
Hψ =
(
1
2
p20 +
µ
8γ2
exp{γφ0}+ Q
2
8
)
ψ = ∆ψ , (4.31)
where p = −i ∂∂φ0 , is the hermitian conjugated momenta to the zeroth mode,
which defines normalizable wave function (of the delta form) if this is real. In
the limit of φ0 → −∞, the potential term V = µ8γ2 exp{γφ0}+ Q
2
8 is very small
and the wave function can be solved and corresponds to a linear combination
plane wave for the momenta and the zeroth mode field. In the mini-super
space approximation, the wave function corresponding to O = exp{αφ} in
the limit of φ0 → −∞ like
ψO = exp
{
−φ0
(
Q
2
− α
)}
, (4.32)
which diverges in the analyzed limit and its not normalizable. This states can
be regularized by putting a regulator that cuts at some φ0, such that when it is
removed we can keep the finite norm and have ψ(φ0)→ 0 at any finite φ0.
The limit φ0 → −∞ will be mapped to the tensionless limit (2.48) on the de
Sitter case.
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5 Entanglement Entropy
As it is previously said it, we will made use of some quantum information
tools in order to describe the underlying degrees of freedom on the cosmo-
logical horizon H. In this chapter we will made some reviews mainly on this
quantities. We first start with the classic and quantum definition of entropy
and there defining Relative and Entanglement Entropy. Finally we give some
short inside on how to obtain the Entanglement Entropy for CFT’s by using
the AdS/CFT correspondence.
5.1 Entropy on Quantum and Classical Field Theo-
ries
Entropy is a fundamental concept of thermodynamics and statistical mechan-
ics, which can be understood as the average thermodynamic macroscopic prop-
erties of the constituents of a given system, and Ludwig Boltzmann has de-
fined in terms of the number of microstates Ω of a system S = kb logΩ. From
the quantum information theory point of view, Entropy is a measure of how
much uncertainty exist on a state giving a physical system. In the classical
regime, Claude Shannon has define the Entropy in terms of probabilities. If
we lear the value of a random variable α, the Shannon Entropy H of α measures
how much information we obtain on average when we learn that particular
value, said it in the other way; this quantifies how much uncertainty about α
we have before learn the value of it. This is defined in terms of the probability
distribution pi as
H(α) ≡ −∑
i
pi log pi . (5.1)
It can be notice that for pi = 0 there is an ambiguity, but if some event has
pi = 0, therefore this does not contribute to the entropy, then we can use
limp→0 p log p = 0. If we have two random variable, this is some times re-
ferred as binary entropy, which is defined as
HBin(p) ≡ −p log p− (1− p) log(1− p) , (5.2)
where p is the probability of the variables. Notice that HBin(p) = HBin(1− p)
and the maximum value is HBin(p = 1/2) = 1 . This is really useful to under-
stand the behavior of Entropy when we have mix more probabilities distribu-
tion. In the quantum description of entropy this is way harder to understood.
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There is a way to rewrite the uncertainty principle in terms of enttropy as
H(Oa) + H(Ob) ≥ −2 log f (Oa,Ob) , (5.3)
withOa,Ob) some different observable operators and f (Oa,Ob) ≡ maxa,b | 〈ab|ab〉 |
by using Oa = ∑a a |a〉 〈a|, and completely analogue for Ob. Proofs and more
deeper understanding in the context of quantum information theory can be
found i.e. [102].
5.1.1 Classical Relative Entropy
We will now define Relative Entropy which is a measure of how far (or close)
are two probability distribution over the same index set. The quantum version
of this measures how different are two quantum states, and this will be used
in chapter 8. The classical version is defined as
H(p(x)||q(x)) =∑
x
p(x) log
p(x)
q(x)
≡ −H(X)−∑
x
p(x) log q(x) . (5.4)
This entropy is always positive define, H(p(x)||q(x)) ≥ 0 where the equality
is only if p(x) = q(x), for all x. To prove this we use of the following inequality
− log x ≥ 1− x , therefore
H(p(x)||q(x)) = −∑
x
p(x) log
q(x)
p(x)
≥ ∑
x
p(x)
(
1− q(x)
p(x)
)
= ∑
x
(p(x)− q(x))
= (1− 1) = 0 . (5.5)
Which is the minimal value that occurs at q(x) = p(x). This also follows the
subadditivity condition
H(p(x, y)||p(x)p(y)) = H(p(x)) + H(p(y))− H(p(x, y)) , (5.6)
which implies H(X, Y) ≤ H(X) + H(Y) .
Now we will define the joint entropy. Giving a pair of random variables X
and Y, we can obtain the information content of X related to the information
content of Y by the following definition
H(X, Y) ≡ −∑
x,y
p(x, y) log p(x, y) , (5.7)
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adn with this define the condition entropy, whose measure of how uncertain
we are, on average, about the value of X, given the value for Y
H(X|Y) ≡ H(X, Y)− H(Y) . (5.8)
And finally we can also define the mutual information which corresponds to
subtract the joint information of the pair with the sum of both, viz
H(X : Y) ≡ H(X) + H(Y)− H(X, Y) . (5.9)
All this can be summarized with the "entropy Venn diagram"
H(X) H(Y)
H(X|Y) H(Y|X)H(X : Y)
Fig. 10: Entropy Venn diagram which allows that allow us to obtain the
relations between different entropies
This provides a schematic guide to the properties of entropy.
5.1.2 Quantum Relative entropy
We can obtain the analogue of the classical Shannon entropy (5.1) in the quan-
tum regime, in order to measure the uncertainty associated to quantum states.
This based on the fact that states are defined in terms of density operators. The
quantum analogue is known as Von Neumann entropy, defined in terms of a
quantum state ρ as
S(ρ) ≡ −Tr(ρ log ρ) . (5.10)
If the eigenvalues of ρ are λi, then
S(ρ) = −∑
i
λi log λi , (5.11)
which is useful to calculate this entropy.
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With this we can define the quantum relative entropy, which defines the dif-
ference between two states (formally thought of as density matrices) ρ and σ.
as
S(ρ||σ) ≡ Tr [ρ(log ρ− log σ)] . (5.12)
This entropy satisfy the Klein’s inequality, which defines the positivity of this
amount
S(ρ||σ) ≥ 0 , (5.13)
which can be proved by expanding the states in terms of density operators and
the equality is obtained at ρ = σ. Essentially, the relative entropy is a measure
of how difficult is to distinguish the state ρ from the state σ. Statistically, in the
particular case where ρ and σ are both thermal density matrices, with σ the
equilibrium state. This can be rewritten in terms of the free energy [103, 104]
as
S(ρ||σ) = ∆F ,
where ∆F measures how far ρ is from the equilibrium state σ . Relative en-
tropy has the following properties [105, 106]
S(ρ||ρ) = 0 , (5.14)
S(ρ1 ⊗ ρ2||σ1 ⊗ σ2) =S(ρ1||σ1) + S(ρ2||σ2) (5.15)
S(ρ||σ) ≥ 1
2
||ρ− σ||2 , (5.16)
S(ρ||σ) ≥ S(Tr ρ||Tr σ) , (5.17)
where the last trace corresponds to tracing out respect some arbitrary subsys-
tem. Also norm is defined as
||ρ|| = Tr
√
ρ†ρ . (5.18)
In terms of an operatorO expectation value respect some density matrix 〈O〉ρ,
and using Schwarz inequality, it can be rewritten as
S(σ||ρ) ≥ 1
2
(〈O〉ρ − 〈O〉σ)2
||O||2 . (5.19)
It will be made used of relative entropy in chapter 8 to conformally describe
the de Sitter horizon.
5.2 Entanglement Entropy
Another important concept in quantum field theory is the one of Entanglement,
this does not exist in classical field theory. Therefore allow us to see how quan-
tum a system is. Giving a Hilbert space that can be decompose as a tensor
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product
Htot = Ha ⊗Hb , (5.20)
a quantum system described by a wave function |Ψ〉 has a total density matrix
of the form
ρtot = |Ψ〉 〈Ψ| . (5.21)
By this, the Von Neumann entropy (5.10) is zero. But we can use the decom-
pose Hilbert space (5.20) and we can obtain the entropy of only one of the
system, let us say system a, by tracing out the degrees of freedom of the region
b by defining a reduced density matrix as
ρa = Trb ρtot . (5.22)
And the Von Neumann entropy (5.10) renders
SE = −Trb(ρa log ρa) . (5.23)
This is known as entanglement entropy, which provides how to measure how
closely entangled a given function |Ψ〉 is (see Appendix B for an example). It
can be seen as the entropy due to lack of information of an observer in b who
can not access degrees of freedom in a
a
b
Fig. 11: Schematic representation of two entangled systems with one the
complement of the other b = ac.
This can be seen as an analogue to black hole horizons, where some observer
sitting outside the horizon a is disconnected with the subsystem at b = ac.
Another important quantity to define the Entanglement Entropy is the Rényi
entropy defined [107] as
Sqa = 11− q log Tra ρ
q
a , (5.24)
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where q ∈ Z+, and (5.24) recovers the Von Neumman entropy (5.23) in the
limit q→ 1.
SE = lim
q→1
Sqa . (5.25)
All this can be define in terms of thermal propeties of the density matrix, which
in terms of β as the inverse of the temperature is defined as
ρa = exp{−βHa} . (5.26)
Sometimes Ha is called modular Hamiltonian. This definition satisfy that if the
total density matrix is pure, (T = 0 system), then we have
SE(a) = SE(ac) , (5.27)
which is violated at finite temperature. Also it satisfy the strong subadditivity
relation
Sa∪b∪c + Sa ≤ Sa∪b + Sb∪c , (5.28)
Sa + Sc ≤ Sa∪b + Sb∪c . (5.29)
This conditions allow to derive all the other conditions for entanglement en-
tropy. The thermal partition function
Z(β) ≡ Tra ρqa = Tra exp{−βHa} , (5.30)
allow us to obtain the analogue of thermodynamical quantities in terms of the
modular hamiltonian
E(β) ≡ − ∂q logZ(β) , modular energy , (5.31)
S˜(β) ≡ (1− β∂β) logZ(β) , modular entropy , (5.32)
C(β) ≡ β2∂2β logZ(β) , modular capacity . (5.33)
And they are all positive defined.
Actually Rényi entropy and modular entropy are related by the equation
S˜ = q2∂q
(
q− 1
q
Sq
)
, (5.34)
which can be inverted by
Sq = qq− 1
∫ q
1
dq̂
S˜qˆ
qˆ2
, (5.35)
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and obtain the Rényi entropy in terms of the modular entropy. Also it is possi-
ble to define the relative Rényi entropy as [108]
Sq(ρ||σ) = 1q− 1 log
[
Tr
(
σ
1−q
2q ρσ
1−q
2q
)q]
, (5.36)
which is a monotonic function with respect to the parameter q.
Replica Trick
One of the most powerful tools to calculate the entanglement entropy is the so-
called replica trick, developed in the spin-glasses physics [58], which consist in
compute the Rényi entropy by considering a functional integral in some gen-
erated branched cover geometry and analytically continuing the q-parameter
we obtain the Entanglement entropy by using (5.25).
The definition of entanglement entropy (5.10) together with (5.24) and (5.25)
can be rewritten as
SE = − lim
q→1
log Tra ρ
q
a
q− 1 = − limq→1 ∂q log Tra ρ
q
a . (5.37)
where in the second equality an analytic continuation of the q−parameter to
the real numbers. This is called the replica trick, which allow us to perform
calculations of entanglement entropy in quantum field theories.
Cardy and Calabrese [59] have shown that the representation of the qth
power of the reduced density matrix can be obtained by the partition func-
tion Zq on the q−fold cover Mq manifold of the original spacetime, which
is constructed by gluing q-copies of the sheet with a cut along a (for some
nice reviews and explanation of this method can be found for example in
[55, 53, 109, 110]). By substituting this into (5.37) we obtain
SE = − lim
q→1
∂q
[
logZq − q logZ
]
, (5.38)
where the q−folded cover manifoldMq has a conical singularity with deficit
angle ∆φ = 2pi(1− q) which cast the inverse of the temperature as β = 2piq,
which defines the partition function on this manifold as
Z(β) = ZqZq . (5.39)
In two-dimensional CFT it has been obtained the relation between entangle-
ment entropy and the central charge of the theory with the universal divergent
part of the entanglement entropy [59, 111, 112]
SE = c3 log
L
e
+ . . . , (5.40)
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where e is some UV cutoff, L is the size of the entanglement surface and the
dots means finite parts. This also has been extended to four-dimensional CFT
[113, 114].
The entanglement is an important property of quantum systems that has
give deep inside in the understanding of quantum field theories from different
point of views, but it sometimes hard to calculate.
Holographic Entanglement Entropy
In 2006 Ryu and Takayanagi [54] have conjecture how to calculate this quan-
tity in conformal field theories by using the holographic gravity dual by the
AdS/CFT correspondance, which by using the GKPW relation [31, 32], (which
relates the partition function from a bulk gravity theory on an asymptotically
AdS background, and the partition function of a conformal field theory living
at the boundary of it) produces the entanglement entropy as
SE = lim
q→1
∂q
(
IE[Bq]− qIE[B]
)
, (5.41)
where IE[Bq] corresponds to the Euclidean on-shell action of some solution Bq.
Ryu and Talayanagi have proposed that the holographic entanglement entropy
is
SE = Aγ4Gd , (5.42)
where Aγ is the area of some minimal surface γ in B which is attached on the
entangled surface. It is provided thatMq is invariant underZq symmetry that
shifts the modular time by a factor of 2pi for integer q. For this proposal it
must be proposed that the bulk geometry Bq, must be a solution of Einstein
equations that is invariant under the replica Zq symmetry which allows to
define the orbifold
B̂q ≡ Bq/Zq , (5.43)
which by construction have a conical singularity with deficit angle∆φ = 2pi
(
1− 1q
)
.
The original bulk solution Bq must be attached to the singular boundaryMq,
but the boundary of the orbifold is regular and corresponds to the original CFT
manifold
∂B̂q = ∂B =M . (5.44)
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γ
a
r
Fig. 11: Holographic entanglement entropy is computed as the area of the minimal
surface γ (in green) which is attached at the boundary of the region a of certain CFTd.
This surface lives at some asymptotically AdSd+1 spacetime (represented with the
dotted lines), whose holographic emergent coordinate is labeled by r.
Also can be defined the bulk-per-replica action for the orbifold as
Î[B̂q] = I[B]/q , (5.45)
and (5.41) becomes
SE = ∂q Î[B̂q]|q=1 . (5.46)
Due to the conical singularity at the orbifold B̂q the Einstein action evaluated
at this obtains an extra co-dimension 2 contribution in order to solve the field
equations [67]. To see this notice that the Ricci tensor in the presence of this
deficits becomes
R|B̂q = R|B + 4pi
(
1− 1
q
)
δγ , (5.47)
with δγ projector onto the γ−surface, viz.
∫
B̂q f δγ =
∫
γq
f |γq . This leads to a
guaranteed minimal γ1-surface which corresponds to a cosmic brane with ten-
sion ∆φ8piG [115].
The Ryu-Takayanagi formula has been proved to satisfy the strong-subadditivity
inequality [116] and the monogamy of mutual information [117]. Also a deriva-
tion of holographic entanglement entropy for spherical entangling surfaces has
been give in [118], and generalized in [119].
To summarize, in the holographic prescription the replica trick consist on repli-
cates q−times the original boundary B along the entangling region B′ ⊆ B,
which construct a q-fold branched cover Bq. This last must admit a Zq action
whose fixed points are the entangling surface ∂B′.
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6 The Kerr/Conformal Field Theory
Correspondance
Since the black hole thermodynamics defined mainly by Bardeen, Bekenstein,
Carter and Hawking [9, 10, 11, 63, 64, 12], which corresponds to a macroscopic
description, the entropy area law
S =
AH
4h¯G
, (6.1)
has been relevant to understand the microscopic underlying degrees of free-
dom, which seems imperative to be defined in this form in order to have a
well defined thermodynamics and understand what really this degrees of free-
dom actually are. For a particular black hole geometry, this problem has been
solved using string theory [78] and showed that an unitary quantum gravity
theory that contain this black hole solutions must resemble in the same way
[79] .
In [52] has been proposed that quantum gravity near the extreme Kerr hori-
zon is dual to a two-dimensional CFT, which corresponds to a proposal to real-
ize the holographic principle for a realistic gravitational setting. These allow to
count the microscopic degrees of freedom of an extremal rotating black holes in
four dimensions by analyzing the asymptotic symmetries of the background.
Extensions of this correspondence has been obtained during the years.
In this chapter we will give a short review of the original paper of the
Kerr/CFT correspondence that will be used to describe the cosmological hori-
zon microscopically
6.1 Kerr black hole and the extremal limit
The assymptoticall flat rotating solution to General Relativity were found by
Roy Kerr in [120], which in Bonyer-Liquidist form reads
ds2 = − ∆
ρ2
(dt− a sin2 θdφ)2 + ρ
2
∆
dr2 +
sin2 θ
ρ2
(
(r2 + a2)dφ− adt
)2
+ ρ2dθ2 ,
(6.2)
∆ = r2 − 2Mr + a2 , ρ2 = r2 + a2 cos2 θ , (6.3)
with a = J /M where M corresponding to the mass and J the angular mo-
mentum. The black hole horizon is defined where the function ∆(r) becomes
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equals to zero, there are two solutions for this, the outer horizon denoted by
r+ and the inner horizon by r−:
r± = M±
√
M2 − a2 . (6.4)
We can immediately notice that if a2 > M2, then the root becomes imaginary,
and therefore are no horizons but a naked singularity, which violates the cos-
mic censorship. This implies that the angular momenta is bounded for below,
i.e. J ≤ M2, this also because the angular velocity of the horizon is equal
to the speed of light at the extremal limit J = M2 or a = M. The Hawking
Temperature reads
TH =
r+ −M
4piMr+
= 0 , (6.5)
where the second equality corresponds to the extremal case. So for maximum
rotation there is no Hawking radiation, and the extremal black hole can be seen
as ground states. And the Bekenstein Entropy becomes
S = 2piMr+ =⇒ SExt = 2piJ , (6.6)
where we have use that in the extremal case r+ = M =
√J .
Also the metric functions (6.3) are reduced to
∆Ext = (r− a)2 , ρ2Ext = r2 + a2 cos2 θ . (6.7)
6.1.1 Near-Horizon Limit of Extreme Kerr
In the near-horizon region for the extremal Kerr solution matter must rcorotate
with the black hole does at the speed of light. Hence, only chiral modes ap-
pears. In this sense, Quantum Gravity near this region is expected to simplify
drastically.
The Near-Horizon limit of extreme Kerr is obtained by introducing the scal-
ing parameter λ in the extremal case a = M. Changing coordinates as in [121]:
rˆ =
r−M
λM
, tˆ =
λt
2M
, φˆ = φ− t
2M
. (6.8)
Such that any value of rˆ is forced to be near to the horizon r+ = M when
λ → 0. The resulting geometry adopts the angular momentum as an overall
factor, and the metric reads
ds2 = 2Ω2 J
[
−(1+ rˆ2)dtˆ2 + drˆ
2
1+ rˆ2
+ dθ2 +Λ2(dφˆ+ rˆdtˆ)2
]
. (6.9)
With
Λ =
2 sin θ
1+ cos2 θ
, Ω2 =
1+ cos2 θ
2
. (6.10)
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The metric (6.9) is referred to Near Horizon Extremall Kerr geometry (NHEK),
which remains as a solution of Einstein equations, because is a limit of a coordi-
nate transformation of Kerr solution. The asymptotics rˆ → ∞ is very peculiar,
actually (6.9) is not asymptotically flat nor asymptotically AdS.
For fixed values of θ we obtain a warped version of AdS3 geometry. In a
particular value θ0 the function Λ(θ0) = 1 and the line element is exactly that
of AdS3
ds2 = 2Ω2 J
[
−(1+ rˆ2)dtˆ2 + drˆ
2
1+ rˆ2
+ (dφˆ+ rˆdtˆ)2
]
. (6.11)
It was shown by Brown and Henneaux [18], that gravity on AdS3 background
always has a conformal symmetry. The warped version of AdS3 has been study
mainly in the Topological Massive Gravity and String theory context [122, 123,
124, 125, 126, 127, 128, 129, 130, 131]. This warped AdS3 is the Lorentzian ana-
logue of the squashed S3. Due to the warp factor, the S3 isometry group is
break from SU(2)× SU(2) (this can be seen easily by the fact that the S3 can
be seen as a Hopf fibatrion of S1 over S2) down to SU(2)×U(1). In the AdS3
case, the warp factor breaks the isometry group SL(2,R)R × SL(2,R)L down
to SL(2,R)×U(1), which will corresponds to the isometry group at each fix θ.
6.1.2 Temperature and Chemical Potentials
We have seen that at extremality the Hawkin temperature is zero, but that does
not mean that the quantum states outside the event horizon are in pure states.
Defining the chemical potential(
∂SExt
∂J
)
=
1
Tφ
, (6.12)
And the potentials must satisfy the equation
δSExt = 1Tφ δJ . (6.13)
We can now obtain the potentials by using the first law of Black Hole Thermo-
dynamics
δSExt = 1TH (δM−ΩJδJ ) , (6.14)
Where ΩExt is the angular velocity. This at extramility becomes
THδSExt = δM−ΩExtδJ = 0 . (6.15)
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We can take the extremal limit by vanishing the Hawking Temperature, and
comparing with (6.14), then
Tφ = lim
TH→0
TH
ΩExt −ΩJ = −
∂TH/∂r+
∂ΩJ/∂r+
∣∣∣
r+=rExt
=
1
2pi
. (6.16)
Which corresponds to the quantum states near the horizon. To compute ex-
plicitly this value we must interpret this chemical potential in the context of
quantum fields living on curved spacetimes. A first example for this, is the
Hartle-Hawking vacuum for a Schwarzschild Black Hole, which is restricted
to a region outside the horizon is defined as the diagonal density matrix
ρ = exp
{
−h¯ ω
TH
}
. (6.17)
In the NHEK case, a global timelike Killing vector is not defined, then there is
no quantum states with all the desire properties of a vacuum, and the Hartle-
Hawking vacuum do not exist. Anyhow, Frolov and Thorne define the vac-
uum for extreme Kerr geometry by using the generator of the horizon which
is timelike from the horizon out to the surface where an observer must move
at the speed of light to corotate with the extremal black hole [132]. The Frolov-
Thorne vacuum is the Kerr analogue of the Schwarzschild Hartle-Hawking
vacuum.
By expanding the quantum fields in eigenmodes of the angular momentum
m and the asymptotic energy ω, for example for the scalar field, we have
Φ = ∑
ω,m,`
φωm` exp{−I(ωt−mφ)} f`(r, θ) . (6.18)
This defines the Frolov-Thorne vacuum as the diagonal density matrix
ρ = exp
{
−h¯ω−ΩJ
TH
}
, (6.19)
which reduces to the Hartle-Hawking vacuum in the non-rotating case. Now,
by using the Near-Horizon coordinates (6.8) and following Frolov-Thorne we
get
exp{−i(ωt−mφ)} =
{−i
λ
(2Mω−m)tˆ + imφˆ
}
= exp{−InR tˆ + inLφˆ} ,
(6.20)
where nL ≡ m and nR ≡ (2Mω − m)/λ are the left and right Frolov-Thorne
charges associated to ∂φˆ and ∂tˆ respectively. This defines the Frolov-Thorne
temperatures by rewriting the Boltzman factors in terms of this new variables
exp
{
−h¯ω−ΩJm
TH
}
= exp
{
−nL
TL
− nR
TR
}
, (6.21)
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where the left and right temperatures are
TL =
rˆ+ −M
2pi(rˆ+ − a) , TR =
rˆ+ −M
2piλr+
. (6.22)
Which in the extremal limit reduces to
TL =
1
2pi
, TR = 0 . (6.23)
And we recognize Tφˆ = TL = (2pi)
−1 and the quantum fields near the horizon
are not in a pure state, even if TH = 0.
6.2 Asymptotic Symmetry Group
It has been pointed out that the symmetries of the classical theory are enough
to determine the states of a quantum gravity theory [15]. Therefore, we must
specify the boundary conditions if we want make sense of quantum gravity on
the NHEK, and how has been pointed out in subsection 6.1.1 the asymptotic
of (6.9) at r → ∞ is not flat nor AdS, therefore the set of boundary conditions
is not trivial to achieve. For every set of boundary conditions there is an as-
sociated Asymptotic Symmetry Group (ASG) which is defined as the set of
Allowed symmetry transformations modulo the set of trivial symmetries [52]
ASG =
Allowed diffeomorphism
Trivial diffeomorphism
. (6.24)
The allowed diffeomorphisms are defined as the transformations that are con-
sistent with the specified set of boundary conditions. This means that given
boundary conditions, the allowed diffeomorphism ζ produces a variation of
the metric δζg that is a allowed metric, such that the metric variations must
asymptotically vanish in order to not violate boundary conditions.
For the trivial diffeomorphisms means that the generators of transforma-
tions produces only vanishing conserved charges. Therefore, if we impose
boundary conditions that are too strong, this would render the theory triv-
ial, i.e. only the vacuum is an accepted state. And also if we try to demand
boundary conditions that are too weak the symmetry generators would be all
divergent. Then, the boundary conditions must be chosen such that the theory
is not all divergent nor trivial.
The trivial diffeomorphism must transform in the ASG representation and
should annihilate the states in the quantum theory. In the Kerr/CFT corre-
spondence has been obtained a set of boundary conditions which gives the Vi-
rasoro algebra as the generator of the ASG and the resulting theory has states
transforming in the two-dimensional conformal group representations.
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6.2.1 Boundary Conditions
The set of boundary conditions that defines the ASG for the NHEK were ob-
tained in [52]. A deviation h of the full metric (6.9) δg = h require the set of
boundary conditions
htˆtˆ ∼ O(rˆ2) , htˆrˆ ∼ O(rˆ−2) , htˆθ ∼ O(rˆ−1) , htˆφˆ ∼ O(rˆ) , (6.25)
hrˆrˆ ∼ O(rˆ−3) , hrˆθ ∼ O(rˆ−2) , hrˆφˆ ∼ O(rˆ−1) ,
hθθ ∼ O(rˆ−1) , hθφˆ ∼ O(rˆ−1) ,
hφˆφˆ ∼ O(1) .
This set of boundary conditions implies that the energy E = Q[∂tˆ] is equal to
zero at extremality, i.e. E = M2 −J = 0.
The most general diffeomorphisms which preserve (6.25) have the form
ξ =
(
C +O(rˆ−3)
)
∂tˆ +
(−rˆε′(φˆ) +O(1)) ∂rˆ + (ε(φˆ) +O(rˆ−2)) ∂φˆ +O(rˆ−1)∂θˆ ,
(6.26)
with ε(φˆ) is an arbitrary smooth function and C is some constant. Computing
the generators, the subleading terms corresponds only to trivial diffeomor-
phisms and do not contribute. Then the ASG generators its
ζε = ε(φˆ)∂φˆ − rˆε′(φˆ)∂rˆ . (6.27)
Since φˆ ∼ φˆ+ 2pi, we can expand the function ε(φˆ) in Fourier modes εn(φˆ) =
− exp{−inφˆ}. In this basis the ASG generator reads
ζn ≡ ζεn = − exp{−inφˆ}
(
∂φˆ + inrˆ∂rˆ
)
. (6.28)
We can recognize the U(1) generator as the zero mode ζ0 = −∂φˆ.
The (classical) Lie brackets of the Fourier-expanded generators form the
so-called Witt algebra defined in subsection 3.2.3
i[ζn, ζm] = (n−m)ζn+m . (6.29)
This corresponds to only one copy of the conformal group in two dimensions
on the circle, but (6.27) does not contain the SL(2,R) generator, only the U(1).
6.2.2 Asymptotic Charges
The generators of the diffeomorphisms (6.28) associated with asymptotic sym-
metries obey, under Dirac brackets, the same algebra as the symmetries them-
selves, up to a possible non-zero central term given by the Jacobi identity. For
pure Einstein gravity with cosmological constant, the associated d − 2 form
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has been obtained in [133]
kξ [h, g] = −δkKζ [g]− ζ ·Θ[h, g]− kSLζg[h, g] , (6.30)
where the first two terms have been obtained in [134, 135] using covariant
phase space methods
kKξ [g] =
√−g
16piG
(∇µζν −∇νζµ) dd−2xµν (6.31)
Θ[h, g] =
√−g
16piG
(
1
2
gµα∇βhαβ − gαβ∇µhαβ
)
dd−2xµ . (6.32)
And the supplementary term vanishes for an exact Killing vector of the back-
ground metric g, but not necessarily for the asymptotic Killing vectors
kSLζg[h, g] =
√−g
16piG
(
1
2
gµαhαβ(∇αζβ +∇βζα)− (µ↔ ν)
)
dd−2xµν , (6.33)
for asymptotically AdS spacetimes the expression (6.30) coincides with the one
obtained firstly by [136]. By construction (6.30) is a closed form (i.e., dkξ = 0),
and its integral defines the surface charges
δQEinsζ [g] =
1
8piG
∫
∂Σ
kζ [h, g] , (6.34)
Where the integral is over the boundary of a spatial slice and
kζ [h, g] = −14eαβµν
[
ζν∇µh− ζν∇σhµσ + ζσ∇νhµσ + 12h∇
νζµ − hνσ∇σζµ
+
1
2
hσν(∇µζσ +∇σζµ)
]
dxα ∧ dxβ .
(6.35)
Following the method of [137, 133, 138, 139, 140, 141] we compute the central
charge of the dual CFT by varying the charges to obtain the Dirac bracket{
Qζm , Qζn
}
= −i(m− n)Qζm+n + δQEinsζm [Lζn g, g] . (6.36)
Here, Lζm g is the Lie derivative of the metric along ζm and kζm is the two form
defined in Eq. (8.13). In the case of the NHEK geometry the Lie derivatives
reads (Lζn g)tˆtˆ = 4GJΩ2(1−Λ2)rˆ2in exp{−inφˆ} ,(Lζn g)φˆφˆ = 4GJΩ2Λ2in exp{−inφˆ} ,(Lζn g)rˆrˆ = − 4GJΩ2(1+ rˆ2)−2in exp{−inφˆ} ,(Lζn g)rˆφˆ = − 2GJΩ2(1+ rˆ2)−1rˆn2 exp{−inφˆ} . (6.37)
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Which turns
1
8piG
∫
∂Σ
kζm [Lζn g, g] = −iJ (m3 + 2m)δm+n,0 . (6.38)
In the quantum version, the extension from the Dirac brackets to commuta-
tors ({ , } → 1ih¯ [ , ]) we can define the quantum counterpart of the symmetry
generators, with a shift on the zero mode
h¯Lm ≡ Qζm +
3
2
J δm,0 . (6.39)
In general we can always shift the zero mode of the Virasoro generators and
therefore the linear term on the central extension of the Witt algebra does not
play a role. Hence the central charge is given by the m3 factor of the Virasoro
algebra, which for Einstein gravity can be calculated as
c =
12i
h¯
lim
rˆ→∞
QEinsζm [Lζ−m g, g]
∣∣∣
m3
. (6.40)
This defines the asymptotic algebra (8.14) into the Virasoro algebra
[Lm, Ln] = (m− n)Lm+n + c12(m
3 −m)δm+n,0 , (6.41)
This corresponds to one copy of the Virasoro algebra which defines a chiral
two dimensional CFT near the horizon of an extremal Kerr Black Hole with
central charge
c =
12J
h¯
. (6.42)
Then the central charge depends only in the extremal angular momenta di-
vided by h¯, this is a huge number that the Event Horizon Telescope expect to
reproduce [142], in [143, 144] its proposed by the study of symmetries of the
NHEK to predict the polarized near-horizon emissions to be seen at the Event
Horizon Telescope.
6.3 Microscopic Entropy of Extremal Kerr Black Hole
As we show in subsection 6.1.2 the quantum theory in the Frolov-Thorne vac-
uum has only left-moving temperature and by the Virasoro algebra we identify
the CFT as chiral. We now can make use of the Card formula derived in sec-
tion 3.3, which relates the entropy for a unitary CFT on the canonical ensemble
with its central charge and temperature
S = pi
2
3
(cTL + c¯TR) . (6.43)
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In the NHEK case the CFT is only chiral with temperature (6.23) and central
charge (6.42), which combines to reproduce
SExt = 2pih¯ J =
AH
4h¯G
. (6.44)
Which match exactly with the Bekenstein-Hawking entropy of extreme Kerr
Black Hole.
Then quantum gravity in the region near the horizon of an extreme Kerr
black hole is considered by the study of diffeomorphisms, which has give one
copy of the Virasoro algebra which allows us to identify the quantum states
near the horizon with those of a chiral two-dimensional CFT, which by assum-
ing unitarity, the tools of 2d CFT allows to compute the microscopic degrees of
freedom via the Cardy’s formula [75, 145] which reproduces exactly the macro-
scopic Bekenstein-Hawking entropy. Therefore was conjectured in the original
Kerr/CFT paper [52] that the near-horizon region of an extreme Kerr black
holes are holographically dual to a chiral two-dimensional CFT with central
charge (6.42).
This mechanism has been extended to extremal non-rotating black holes or
extremal charged-rotating black holes even in higher dimensions. [137, 146,
147]. Also for Kerr-AdS black hole in higher dimensions [146], but for asymp-
totically de Sitter spacetimes this has not been achieved. An attempt to repro-
duce the results of the Kerr/CFT correspondance for asymptotically dS space-
time was given in [148], in where the Kerr-dS black hole is extremal in the sense
that the cosmological horizon coincides with the horizon of the black hole.
Latter on we will made use of this correspondence and made use of the
mechanism by mimicking the metric structure of (8.6) on the dSq4. It is shown
that using this mechanics, we can describe the branes by a CFT and associated
the resulting Gibbons-Hawkin entropy with the relative entropy.

67
7 De Sitter Entropy from
Entanglement
We will now made use of the extended static patch (2.22) which can be re writ-
ten as a fibration of dS2 and a two-sphere S2 ×w dS2, where the warp factor w
is given in terms of the polar coordinate of the sphere and dS2 is the radially
extended standard de Sitter in two dimensional space. As it is mentioned in
chapter 2, this extended patch covers both Rindler wedges that describes the
word-line of two causally disconnected antipodal observers.
Another important fact is that in this patch the horizonH is described as the
S2 factor. It can be constantly deformed by identifications of the azimuthal co-
ordinate, which generates a conical deficit ∆φ = 2pi(1− 1/q) which is defined
through the orbifold S2/Zq whose fixed points corresponds to two antipodal
two-dimensional defects with local dS2 geometry that can be described with
a fixed Nambu-Goto metric coupled through tension Tq ∼ (1− 1/q) for each
defect.
On this chapter we will made use of this extended patch in order to per-
form explicit calculations of entanglement entropy, between two disconnected
observers that live at the past- and future-infinity, and also between two an-
tipodal bulk observers. For this we will assume the existence of an holographic
in which quantum gravity on de Sitter background is dual to two copies of a
certain conformal field theory living one on each of the past or future infinity
boundaries of de Sitter. This bulk observers is then described in terms of a
thermofield double states (Appendix B) in the tensor product of the field the-
ory Hilbert spaces. Therefore the resultant density matrix is thermal.
For the case of entanglement between disconnected regions we do not need
an holographic duality but just the assumption that exist a quantum gravity ac-
tion whose on-shell semiclassical limit is described by the euclidean Einstein
gravity ZQG ≈ exp{−IE} .
We finally obtain a formula to describe the entanglement entropy which
follows the same form as the Bekenstein-Hawking Entropy but corresponds to
the area of the set of fixed points F of the bulk action
SE =
Area(F )
4G4
. (7.1)
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7.1 Entaglement from two disconnected boundaries
In 2001, Strominger has postulate it that exist a duality between certain con-
formal field theories and quantum gravity on a de sitter background [19]. This
describes the correspondence of quantum gravity on dSd to be dual to a con-
formal field theory on a lower dimensional sphere Sd−1. This is supported by
explicit calculation of the correlation functions of a massive scalar field. This
conformal field theory lives at the future I+ or past I− infinity, which corre-
sponds to two disconnected conformal boundaries, therefore this CFTs can be
Euclidean and possibly non-unitary. Anyhow this correspondence has been
criticized for the lack of a supergravity description on a de Sitter background
[149, 37], and using a timelike T-duality generates a supergravity theory which
has ghost [150]. And it related AdS/CFT formulations relies heavily on a string
theory background. Also some criticism in terms of the two point function for
thermal states can be found in [151] which has been argued that can be solved
in three dimensional case in [152], where they map the dS3 entropy to the Li-
ouville momentum and does not acquire the thermal properties of the bulk
theory, also in three dimensions has been proposed that the dual dS entropy
corresponds to the mutual entropy (see chapter 5) of information theory [23].
Also for this correspondence has been found a consistent higher spin real-
ization [21] between Vasiliev theory on a de Sitter background with a fermionic
Sp(N) model, and another proposal on this correspondence in four dimen-
sions is the mapping between the monotonic decrease of the Hubble parame-
ter and an RG flow between two conformal fixed points of a three-dimensional
Euclidean field theory.
In the Bousso approach [153, 154, 155, 156] to holography, this conformal
boundaries as seen as holographic screens which are two special hypersurfaces
embedded on the boundary of a given spacetime which stores all the bulk in-
formation of a manifold with a certain boundary. For dSd any null geodesic
that begins on a certain point defined at past infinity, will end up on a different
point on the future infinity. Therefore it can be seen that an inertial observer
on dSd would be characterized simply by this pair of points, and that half of
the bulk region can be holographically projected along light rays onto the past
infinity and likewise the other half into the future infinity. In the Maldacena’s
reconstruction to dS/CFT [157] the partition function of the future infinity con-
formal field theory can be described in terms of the late-time Hartle-Hawking
wave equation of the universe [158] leading to a negative central charge for the
three-dimensional CFT dual, in agreement with the higher spin realization of
the correspondence pointed out before.
This two realize the existence of duality between dS space and two copies
of a certain conformal field theory (one for each boundary), such that the
Hilbert space corresponding to the bulk Rindler wedge RS (defined in sub-
section 2.2.1) is equivalent to the tensor product of the past and future CFTs
7.1. Entaglement from two disconnected boundaries 69
Hilbert spaces
HRS = HI+ ⊗HI− , (7.2)
and therefore the partition function of a certain quantum gravity theory on dS
background can be written as
ZQG[RS] = ZCFT[I+]×ZCFT[I−] . (7.3)
Now we will assume the existence of an infrared limit in which the quantum
gravity action can be described in terms of Einstein gravity, and the partition
function admits a saddle point approximation such that
ZQG[RS] ≈ exp {−IE[RS]} , (7.4)
therefore (7.3) renders
ZCFT[I+] ≈ ZCFT[I−] =≈ exp
{
−1
2
IE[RS]
}
. (7.5)
Now, another important assumption that we will made is that the density
matrix for an observer is thermal
ρ ≡ |OS〉 〈OS| ∼ exp{−βH} , (7.6)
where the observer state |OS〉 can be holographically described by the ther-
mofield double (Appendix B)
|OS〉 ∼∑
n
exp
{
−1
2
βEn
}
|n〉I− ⊗ |n〉I+ , (7.7)
with boundary hamiltonian H |n〉I± = En |n〉I± . This is motivated by the
porposal give in [159, 160, 161, 162], in which the dS spacetime is dual to a dual
to an entangled thermofield-double type state of generic ghost-spin. This is
based on the extremal surfaces existing between the past and future boundary
on the dS4 spacetime, but also is based on the reformulation of the dS/CFT
reformulation proposed by Maldacena in [157] in which the partition function
of a certain CFT living at future infinite I+ is related to the late-time Hartle-
Hawking [158] wave function of the universe ΨdS 1.
ZCFT = ΨdS . (7.8)
The previous ingredients provides a holographic framework from which
the area formula for the entropy can be derived from the entanglement be-
tween both boundaries. The on-shell Euclidean gravity action for the southern
1We thank to K. Narayan for pointed this out and some discussion on the dS/CFT dictio-
nary
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Rindler wedge has the value
IE[RS] = − 116piG4
∫
d̂S4/ΣS
d4x
√
g
(
R− 6`−2
)
+ Tq
∫
ΣS
d2y
√
h
≈ − 3
4qG4
∫ pi
pi/2
sin θ cos2 θ dθ + Tq AΣS
≈
(
1− 2
q
)
pi`2
G4
. (7.9)
Which in the tensionless limit recovers IE ≈ −SdS. The limits of the integration
corresponds to the ones where the southern Rindler wedge is defined, there-
fore we must exclude the non-regular part that consist on the southern defect.
With this we can perform the holographic computation of entanglement en-
tropy defined in chapter 5 between two conformal field theories at I± as two
entangled complementary subsystems
SE = −Tr[ρ̂I+ log ρ̂I− ] , (7.10)
where we use the normalized density matrix Tr ρ̂ = 1. Then by using (5.37)
SE = −∂q log Tr ρ̂qI+ |q=1 . (7.11)
The holographic prescription summarized on section 5.2 can be extended to dS
boundaries by first using the fact that null geodesics induce the antipodal map
[19, 13] of the form
pi : S3− → S3+ , (7.12)
that send every point on the past sphere to an antipodal point of the future
sphere. On the embedding coordinates, the antipodal map corresponds to the
decomposition of d + 1 reflections, one on each coordinates
(X0, X1, . . . , Xd+1) pi7−→ (−X0,−X1, ...,−Xd) . (7.13)
The boundary CFT manifold can be defined by
B ≡ (I+ ∪ I−)/pi ∼= S3 . (7.14)
This boundary metric admits an obviousZq action that can be naturally treated
as boundary replica symmetry. This simply given by azimuthal identification
as it is described in section 2.3, this implies that the set of fixed points have an
S1 topology. The boundary 3-sphere metric
ds2B = dΘ
2 + sin2Θ
(
dχ2 + sin2 χΦ2
)
, (7.15)
under the discreteZq azimuthal identificationΦ ∼ Φ+ 2piq has invariant points
that form a ring defined by χ = 0,pi. Also we can notice that the boundary
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manifold (7.14) can be assembled as
B = (I+/pi) ∪ (I−/pi) , (7.16)
and the antipodal symmetry pi acts separately on each boundary, which give
rise two different hemispheres for the azimuthal angle Φ. They both can be
glued together along the S1-fixed points, and the resulting S3 has a natural
replica symmetryZq ⊆ U(1) and by an stereographic projection of the bound-
ary manifold, one hemisphere becomes the entangled region with boundary of
set points of the replica symmetry respects to the other.
I−/pi I+/pi
Gluing
B = (I− ∪ I+)/pi
Fixed points
Projecting
Entangling surface
I+/pi
I−/pi
Fig. 12: The boundary manifold B is constructed by using the antipodal symmetry. The total
boundary its reduced to a single sphere after gluing on the fixed points. In the last step a
stereographic projection has been realized in order to see the entangling surface S1.
And now the q−th power of the reduced density matrix in terms of the CFT
partition function can be computed on the branched cover Bq using Cardy-
Calabrese formalisms previously mentioned
Tr ρˆ qI+ =
ZCFT[Bq]
(ZCFT[B1])q , (7.17)
and consequently, using the isomorphism B ∼= I+ ∼= S3
log Tr ρˆ qI+ = logZCFT[I+q ]− q logZCFT[I+1 ] . (7.18)
Next, we observe that the replica Zq symmetry extends from the branched
cover boundary manifold into the bulk, where it is captured by and imple-
mented through the orbifold d̂S4 = dS4/Zq. In the AdS/CFT approach to
holographic entanglement entropy we need to assume the extension of the
boundary replica symmetry into the bulk manifoldMq and then this allows to
implement the Zq action through the orbifold M̂q ≡ Mq/Zq. In our case we
do not need to construct the branched cover bulk manifold because the replica
symmetry is already inherited by d̂S4.
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And now we use the locality of the gravity action I[Mq] = qI[M̂q] allow
us to write
ZCFT ≈ exp
{
−q
2
IE[RN]
}
, (7.19)
therefore
log Tr ρˆ qI+ = logZCFT[I+q ]− q logZCFT[I+1 ] . (7.20)
Which by using (7.9) onto (7.11) we obtain the Gibbons-Hawking entropy
SE = pi`
2
G4
. (7.21)
which would corresponds to the entanglement entropy between the future and
past boundary CFTs. Notice that the Renyi entropy (5.24) for this background
is q-independent and equals modular and entanglement entropy, in agreement
with [163].
From the canonical thermodynamic relation βF = βE − SdS, where the
Gibbs free energy would be defined as the quantum gravity partition func-
tion which we assume to be well approximated in the semiclassical limit by
its on-shell Einstein action βF = − logZQG ≈ IE. If we do not consider
conical deficit (q → 1) the action recovers minus the entropy it follows that
E = 0. Now by considering the mechanism mentioned in this section, iner-
tial observer to be dual to the thermofield double state implies that its density
matrix is thermal. Furthermore, the entanglement entropy obeys the canon-
ical relation (B.3), which it is defined in terms of the boundary field theory
partition function, with Ha the modular Hamiltonian. Now we have act with
the replica symmetry which made inclusion of the Nambu-Goto co-dimension
2 boundary term which modifies the value of the free energy. And combin-
ing this, and using the result that entanglement entropy corresponds to the
Gibbons-Hawking entropy we obtain that
〈Ha〉 =
(
1− 1
q
)
`
G4
. (7.22)
This implies that using the defects we may be able to define the dS energy in
terms of the expectation value of the boundary modular Hamiltonian 〈Ha〉 ≡
E. Notice that in the tensionless limit we can not see this.
7.2 Entanglement between disconnected bulk regions
As we have seen in the previous section, the extended coordinates (2.22) made
manifest the existence of a bulk antipodal symmetry which maps points from
one Rindler wedge into the other. Observers into each Rindler wedge would be
causally disconnected from each other, and we will see on this section that they
can be described as to be entangled with no need of a holographic prescription.
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We now will study the bulk antipodal symmetry, for this we can notice that,
after Wick rotation each Rindler wedge have the topology of an S4 (see (2.51)),
we can compute the total volume of the Eculidean version of (2.22) as∫
RN∪RS
d4x
√
g = 2 Vol(S4) , (7.23)
where each Rindler wedges contributes with a factor of Vol(S4). With this in
mind, the total bulk topology(
RN ∪RS
)
E
∼= S4RN ∪ S4RS . (7.24)
Exactly as the previous section, the inverted antipodal map in the bulk is de-
fined in terms of the embedding coordinates but now it maps between each
Euclidean Rindler wedge
Π ≡ S4RN → S4RS , (7.25)
by using the parametric shift on the extended coordinates as
θ 7−→ pi − θ , φ 7−→ pi − φ (7.26)
which in the embedding coordinates reads
Π(X) = −X , X ∈ R5 . (7.27)
The existence of the map (7.25) amounts to effectively describe the bulk topol-
ogy as a single 4-sphere modulo antipodal symmetry, viz.(
RN ∪RS
)
E
/
Π ∼= S4 . (7.28)
Thus, we have the isomorphisms(
RN ∪RS
)
E
/
Π ∼= RN ∼= RS , (7.29)
that provide three equivalent domains of integrations in terms of which the
gravitational partition function can be formulated.
By now assuming the existence of a quantum gravity theory whose infrared
limit reduces to Einstein gravity and the quantum partition function can be
approximated by the Euclidean Einstein gravity action. Following the same
recipe of the above section we compute the entanglement entropy but now
with no necessity of holography, but just treating each Rindler wedge as two
complementary entangled subsystems.
The entanglement entropy between northern and southern observers is
given by
SE = −Tr (ρˆRS log ρˆRS) , (7.30)
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where the reduced density matrix
ρˆRS ≡ TrRN(ρˆtotal) , (7.31)
and ρˆtotal is the density matrix associated to the total bulk system RN ∪RS.
And as it said it before the entanglement entropy can be computed as
SE = lim
q→1
log Tr ρˆ qRS
1− q = −∂q log Tr ρˆ
q
RS
∣∣
q=1 . (7.32)
Here, by means of the replica method, we compute
Tr ρˆ qRS =
ZQG[S4q]
(ZQG[S4])q , (7.33)
Where the branched cover of the S4 is denoted as S4q. Then using the entangle-
ment entropy recipe we obtain
log Tr ρˆ qRS = logZQG[S4q]− q logZQG[S4] ≈ −q
(
IE[S4/Zq]− IE[S4]
)
. (7.34)
In the above, we have made use of the locality of the gravity action to write
IE[S4q] = qIE[S4/Zq]. The manifold S4/Zq is by construction an Eucludian
Rindler wedge plus the corresponding defect. Finally we obtain
log Tr ρˆ qRS = −2q
(
1− 1
q
)pi`2
G4
. (7.35)
We conclude that the entanglement entropy (7.32) is given by
SE = 2pi`
2
G4
= 2SdS . (7.36)
Which is twice the Gibbons-Hawking entropy.
7.2.1 Area law from bulk fixed points
As we have seen, the boundary entanglement entropy (7.21) is half of the bulk
entanglement entropy (7.36), this extra term can be understood by looking at
the fixed points of the Zq action on the Euclidean bulk.
In (2.51) we see that the Euclidean bulk can be seen as warp product of two
S2 labeled by L and R, then the Zq actin can be performed in S2L or S
2
R. By
choosing the action into S2R, the set of fixed points associated to this FR gives
two copies of S2L, one for each pole of this
FR ≡ {ϑ = 0} ∪ {ϑ = pi} ∼= S2L ∪ S2L . (7.37)
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And the same for the fixed points of acting of the left sphere.
FL ≡ {θ = 0} ∪ {θ = pi} ∼= S2R ∪ S2R . (7.38)
Which are just the same because the warp factor does not play a rôle. Then the
set of fixed points of the Zq action on the bulk is always
F ∼= S2 ∪ S2 . (7.39)
We can then rewrite the bulk entanglement entropy as the area law for the set
of fixed points
SE = Area(F )4G4 . (7.40)
This is twice the area of the cosmological horizon. If we only consider one of
the Rindler wedges, then (2.51) only considers one of the S2 terms, and the set
of fixed points would correspond to a single two-sphere, in which case the area
of the fixed points is exactly the area of the horizon Area(F ) = Area(H), and
the Gibbons-Hawking formula is recovered.
Finally, is worth to notice the lack of divergences in this entropies. This
finitude of the entropy has been previously discussed in [164] where the black
hole entropy is matched with the entanglement entropy, and the divergence is
given in the Newton’s constant. Also for a different interpretation of the lack
of the universal divergent term on the black hole entropy equals entanglement
entropy scenario is given in [165], where the Bekenstein-Hawking Entropy is
interpreted as the Topological Entanglement entropy.
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8 Conformal description of the
Cosmological Horizon
Dimensional reduction to a two-dimensional QFT must flow to a CFT due to
the C-theorem [166]. In two dimensions it is known that certain CFT’s posses
the characteristics that the conformal symmetry is broken when the theory is
quantized. This is known as conformal anomaly, and can be read it from the
non-vanishing of the trace of the stress-tensor [50, 51], they are related to topo-
logical invariants depending on the dimensions. For two-dimensional CFTs,
the anomaly trace reads 〈
Tµµ
〉
=
c
12
R , (8.1)
where c is the central charge of the theory (see chapter 3). We can try to iden-
tify the two-dimensional branes ΣN,S, induced by the conical deficit (2.35) that
have been introduced in chapter 2, with a conformal field theory by seeing
how the localized stress-tensor on the branes (2.46). Using hijhij = 2 the trace
reads
Tµµ =
1
2G4
(
1− 1
q
)
. (8.2)
Let us assume for a moment that this corresponds to a CFT with trace anomaly
(8.1), by this we can use (8.2) and isolate the central charge, viz
6
G4
(
1− 1
q
)
= cR , (8.3)
usingR = 2/`2 we finally get
c =
3`2
G4
(
1− 1
q
)
. (8.4)
We will show how to achieve this central charge from two different recipes.
One corresponds to made use of the Kerr/CFT correspondence [52] (resumed
in chapter 6 by extending the dS4 geometry and analyze the symmetries near
the horizon, as it is done in [167, 15]. As the Killing horizon corresponds to
null horizon, it is expected that the ASG shares some properties with the BMS
group [168, 169, 170], for a discussion on this see [171].
We will also see that it is possible to compare the reduced action for gravity
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on the de Sitter deformed background and compare with the Liouville theory
and compute the central charge by using this theory.
Finally we made use of Cardy formula defined in chapter 3 to obtain that
the entropy corresponds to the relative entropy, which recovers the Gibbons-
Hawkin entropy in the tensionless limit.
8.1 De Sitter entropy from asymptotic symetries
In this section we will see how the orbifolded horizon of section 2.3, allow us to
mimic the NHEK metric (8.6) by applying a boost into the deformed geometry.
This based on that the isometry group of both geometries are the same and
still relying on the study of the ASG (6.24) in the same way as the original
Kerr/CFT correspondence. Also it can be checked that this corresponds to
a exact solution of Einstein equation (after regularizing the conical deficit by
the insertion of the pair of Nambu-Goto actions) and that the boost does not
produce an angular momenta as a conserved quantity, and therefore does not
modify the cosmological horizon.
We show that the boost parameter allow us to make use of the Kerr/CFT
correspondence for dS vacuum and the microscopic entropy of the CFT living
at the Cosmological Horizon gives the relative entropy of two states living on
the Liouville CFT spectrum.
8.1.1 Symmetries and Boost
As is showed in section 2.2 the symmetries of the deformed dS4 geometry the
isometry group corresponds to SL(2,R) × U(1) exactly as the NHEK geom-
etry (6.9) at each fixed θ. This is a strong hit that we may made use of the
Kerr/CFT correspondance which relies heavily in the study of the diffeomor-
phisms group. Also as is presented by Carlip in [15], the Cosmological Horizon
can be described by a two-dimensional CFT, and then extended by Solodukhin
in [172] interpreting this CFT as the Liouville theory.
As mentioned, the metric (2.22) can be put in a NHEK form by performing
a boost with an arbtirary function of q, such that in the tensionless limit this
vanishes and the dS4 original geometry is recovered
`
q
φ→ `
q
φ+ B(q)t . (8.5)
In doing so, the line elements becomes
ds2 = cos2 θ
(
− f (r)dt2 + dr
2
f (r)
)
+ `2dθ2 + sin2 θ
(
`
q
dφ+ B(q) dt
)2
, (8.6)
with f (r) = 1 − r2/`2 corresponding the metric function and B(q) an arbi-
trary function of the deformation parameter q the will be referred as the boost
parameter. The condition that we must recover the metric in the tensionless
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limit implies that must that the boost parameter must vanishes in this limit,
we choose
B(q) = b
(
1− 1
q
)
, (8.7)
with b an arbitrary real number. Then the boosted metric dS(B, q)4 recovers the
original geometry as
dS4 = lim
q→1
dS(B, q)4 . (8.8)
The deformed dS(B, q)4 is still an exact solution to Einstein equations with an
arbitrary B-parameter, after compensate with the fixed Nambu-Goto action for
the defects (showed in section 2.2). It can be checked using different methods
[173, 174, 136] that this procedure does not bring in angular momentum as a
global conserved charge.
8.1.2 Boundary conditions and asymptotic symmetries.
In general, one must check that the choice of boundary conditions is such that
they are neither too weak –in order to avoid divergent generators, nor too
strong to render the theory trivial.
Our aim is to describe the CFT at the horizonHwhose generators will have
the same properties as the Kerr/CFT case in the limit r → `. Therefore, we con-
sidering the same boundary condition as for the extreme black hole.
Due to the isometries of (8.6) and form of the metric (8.6), we will impose
boundary conditions in complete analogy to [52]. But as we will take the
limit to the horizon (i.e., r → `), then we must impose boundary condition
in order os r − `. Considering small fluctuations of the background metric
δgµν = hµν, we will use rˆ = r − `, the boundary conditions reads exactly like
(6.25). The original non-trivial diffeomorphisms compatible with the asymp-
totic behaviour [52] can be translated to
ζe = e(φ)∂φ − rˆe′(φ)∂r . (8.9)
The parameter e = e(φ) is periodic with period of 2piq−1. It is thus convenient
to introduce the mode expansion en(φ) = − exp{−inφ}, which amounts to
label
ζ(n) = − exp{−inφ}(∂φ + inrˆ∂r) , (8.10)
where the zero mode ζ(0) = −∂φ is a U(1) generator and the (classical) Lie
bracket of two vector fields satiesfies Witt algebra
i [ζ(m), ζ(n)] = (m− n) ζ(m+n) . (8.11)
This correspond to a single copy of the conformal group in the circle.
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8.1.3 Asymptotic Charges
A covariant definition of conserved quantities for General Relativity was given
in [133] in terms of a background metric g and a perturbation h,
Qζ [g] =
1
8piG
∫
H
kζ [h, g]. (8.12)
where
kζ [h, g] = −14eαβµν
[
ζν∇µh− ζν∇σhµσ + ζσ∇νhµσ + 12h∇
νζµ − hνσ∇σζµ
+
1
2
hσν(∇µζσ +∇σζµ)
]
dxα ∧ dxβ .
(8.13)
The indices are raised and lowered with the background metric. This is a two-
differential form then it works for an arbitrary dimension, we will work only
in the four-dimensional case.
8.1.4 Algebra of asymptotic charges
At this point, we can use the Barnich-Brandt-Compere formalism [140, 138,
133, 141] in order to obtain the central extension of the Witt algebra generated
by the diffeomorphisms (8.9) of the form
{
Qζm , Qζn
}
= −i(m− n)Qζm+n +
1
8piG4
∫
H
kζm [Lζn g, g] . (8.14)
Here, Lζm g is the Lie derivative of the metric along ζm and kζm is the two form
is defined in Eq. (8.13)
The Lie derivatives of the components of the metric (8.6) is given by the set
of relations (Lζn g)tt = 2in((r− `)/`2) exp{−inφ} cos2 θ ,(Lζn g)tφ = 2inB(`/q) exp{−inφ} sin2 θ ,(Lζn g)rr = 2in(`3/(`− r)(`+ r)2) exp{−inφ} cos2 θ ,(Lζn g)rφ = 2n2(`2/(`+ r)) exp{−inφ} cos2 θ ,(Lζn g)φφ = 2in(`2/q2)`2 exp{−inφ} sin2 θ . (8.15)
As the computation is performed at the horizon H, the integration is per-
formed over the angles in the limit r → `. We will use b = 2/3 in order to
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recover the results of (8.4). This leads to the central extension for the asymp-
totic algebra (8.14), in this case given by
1
8piG4
∫
H
kζm [Lζn g, g] = −i
`2
4G4
(
1− 1
q
)
m3δm+n,0 . (8.16)
In the quantum version, the extension from the Dirac brackets to commutators
({ , } → 1ih¯ [ , ]) and the define the dimensionless quantum generators by
h¯Lm = Qm +
`2B
8G4
δm,0 , (8.17)
which defines the asymptotic algebra as
[Lm, Ln] = (m− n)Lm+n + c12(m
3 −m)δm+n,0, (8.18)
where the central charge is
c =
3`2
h¯G4
(
1− 1
q
)
. (8.19)
The central charge computed by this Kerr/CFT machinary, depends explic-
itly on the boost parameter, which is the analogue of the angular momenta-
dependence of the NHEK central charge. We can see that in the tensionless
limit this value can not be computed in this way. We procedure now to see
the temperature of the quantum states near the cosmological horizon, and use
CFT tools to compute the entropy associated to it.
8.1.5 Bunch-Davies vacuum
On general grounds, when considering a quantum field theory on a curved
spacetime there is no unique definition of vacuum, but only an observer-dependent
notion of it. The underlying reason for this ambiguity is simply the fact that
time evolution is implemented by the Hamiltonian of the system acting on a
given operator as time derivative. Its action thus depends on the choice of
time. As a consequence, different choices of time yield to different definitions
of energy, and therefore there is no unique way to define a vacuum state.
When considering the static embedding of de Sitter space, such state is an
entangled state between the two causal patches. When tracing the density ma-
trix of one of these patches with respect to the other one, the resulting reduced
density matrix is thermal. Any geodesic observer in dS space hence detects a
thermal bath of particles with a temperature
TdS =
1
2pi`
. (8.20)
The Bunch-Davies vacuum [175], also refered as Euclidean vacuum, is de-
fined by the thermal density matrix ρ = exp{βH}. Let us assume the existence
82 Chapter 8. Conformal description of the Cosmological Horizon
of such state on the dS(q)4 background (2.22), whose macroscopic thermal prop-
erties are thus encoding within the Boltzmann factor exp{−ω/TdS} (in natural
units), where ω is the energy eigenstate and TdS is the dS temperature (8.20).
On the region near the boundary defects (2.42), wherein the dS(q,B)4 metric is
well approximated by
ds2 ≈ −
(
1− r
2
`2
)
dt2 +
dr2
1− r2
`2
+ · · · (8.21)
The near horizon geometry r → ` is more conveniently expressed in term of
the dimensionless Rindler coordinates η = t` and R2 = 2(1− r/`), in terms of
which (8.21) transforms to
ds2 ≈ −R2dη2 + dR2 , R 1 . (8.22)
A quantum field on the background (8.21) close to the boundary defects
can be expanded in eigenstates with energy ω. For the case of an scalar field
we have
Φ(t, r) =∑
ω
φω(r) exp{−iωt} , ω > 0 . (8.23)
When going to the near horizon sector (8.22), the mode expansion (8.23) is
given in terms of the dimensionless Rindler coordinates by
Φ(η, R) =∑
N
φN(R) exp{−iNη} , N ≡ `ω . (8.24)
In turns, the Boltzmann factor in terms of the near horizon time η is
exp{−ω/TdS} = exp{−N/T} , (8.25)
where N is the number of states with temperature
T =
1
2pi
. (8.26)
8.1.6 Entropy
All the above description corresponds to the conformal algebra for each of the
branes. Now, we proceed to apply the thermodynamic Cardy’s formula for
a canonical ensemble, which relates the microscopic degrees of freedom of a
unitary CFT to its central charge and temperature, for each of this branes and
sum both of them to obtain the total entropy of the configuration showed in
section 2.3.
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Using the Cardy formula (3.149) on the branes, which the near tempera-
tures has been derived in subsection 8.1.5, we obtain
S (q,B)dS4 =
pi`2
h¯G4
Tq = AH4h¯G4
(
1− 1
q
)
, (8.27)
The interpretation of this entropy will be done in section 8.3 down below.
8.2 De Sitter entropy from Liouville theory
Here we will made use of Liouville conformal field theory (summarized in
chapter 4) as an effective theory to describe the antipodal branes. It must be
notice that the definitions giving on chapter 4 are the standard ones of the
conformal field theory department, which definition of the stress-tensor may
differ with the one defined on gravity. Therefore one must be careful with the
constant at the moment of comparing, this is also recalled at the moment of
computation through the chapter.
We recall that the (Euclidean version of the) full gravity action (2.45) con-
sists on a bulk term plus a pair of co-dimension 2 Nambu-Goto terms
IEtotal[d̂S4] = −
1
16piG4
∫
d̂S4
d4x
√
g
(
R− 6
`2
)
+ ∑
I=N,S
Tq
∫
Σ̂I
d2y
√
h
=: Ibulk[d̂S4] + ING[Σ̂N] + ING[Σ̂S] . (8.28)
The bulk integral (8.28) can be dimensionally reduced down to two dimen-
sions
Ibulk[d̂S4]
dim red−→ I2d[Σ̂N
]
+ I2d[Σ̂S
]
, (8.29)
as to define an effective action on each of the boundary defects, using i = N, S
Ieff[Σ̂i] = I2d[Σ̂i] + ING[Σ̂i] , (8.30)
then the on-shell total action is simply
IEtotal[d̂S4] ≈∑
i
Ieff[Σ̂i] . (8.31)
The reduced Euclidean action I2d follows from integrating out the spindle co-
ordinates (θ, φ) and using the line element (2.22) as
Ibulk[d̂S4] = − 116piG4
∫
dS(q)4
d4x
√
g
(
R− 6
`2
)
,
≈ − `
2
8qG4
∫
Σ̂N∪Σ̂S
d2y
√
h R , (8.32)
where R = R[h] is the two-dimensional Ricci scalar of the induced metric h
that covers the dS2 space. To compute this we made use of Einstein equations
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`2Rmn = 3gmn with (m, n) angular coordinates, and also that on shell R −
6/`2 = 3Rij. Therefore, using (8.32), we define
I2d[Σ̂i] ≡ − `
2
8qG4
∫
Σ̂i
d2y
√
h R , (8.33)
and the total effective action (8.30) reads
Ieff[Σ̂i] ≈ − `
2
8qG4
∫
Σ̂i
d2y
√
h R+ 1
4G4
(
1− 1
q
) ∫
Σ̂i
d2y
√
h , (8.34)
which on-shell value is
Ieff[Σ̂i] ≈
(
1− 2
q
)AΣ̂i
4G4
=
(
1− 2
q
)pi`2
G4
, (8.35)
where AΣ̂i denotes the area of Σ̂i, computed as
AΣ̂i =
∫
d2y
√
h =
∫ β
0
dtE
∫ `
−`
dr = 4pi`2 = AH , (8.36)
with β = T−1dS = 2pi` is the inverse of the dS temperature (2.18)
8.2.1 Microscopic theory.
Now we can observe that the reduced action on the branes (8.34) can be cast
onto the form of the Liouville theory (see chapter 4)
IL[g,Φ;γ] = −12
∫
M2
d2y
√
g
(
gij∂iΦ∂jΦ+ QRΦ+ 4piµe2γΦ
)
. (8.37)
Here, (M2, g) is a two-dimensional Euclidean manifold. And as is seen in
chapter 4, the action posses conformal invariance on the classical and quan-
tum regime by imposing Q = O(γ) +O(γ−1), therefore, Q has the same form
on both limits.
This action differs from the standard one given in (4.2) by an overall factor
of 2pi: Such a normalization is needed in order to uniformize the definition of
the stress-energy tensor while comparing (8.34).
Indeed, the on-shell action (8.34) corresponds precisely to the Liouville ac-
tion (8.37) on a fixed background (M2, g) = (Σ̂N, h), whe the Liouville field
gets a vev 〈Φ〉 = Φ0, i.e., Ieff[Σ̂i] ≈ IL
∣∣
Φ0
. This on-shell correspondence holds
provided
`2
8qG4
=
QΦ0
2
,
1
4G4
(
1− 1
q
)
= −2piµe2γΦ0 , (8.38)
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as follows from simple inspection of (8.34) and (8.37). The first of these equa-
tions fix the expectation value of the scalar mode as
Φ0 =
g−2
4qQ
, (8.39)
where the dimensionless parameter g−2 ≡ `2/G4  1. Since the background
charge is Q 1 in both semiclassical (γ2  1) and quantum (γ2  1) regimes,
it follows that Φ0 ∼ q−1.
In addition, the Liouville equation of motion for a constant field Φ = Φ0
reads
QR+ 8piγµe2γΦ0 = 2Q
`2
+ 8piγµe2γΦ0 = 0 , (8.40)
for the curvature of the cosmological horizon. Consistency of the second equa-
tion in (8.38) with (8.40) yields
1+
1
γ2
=
(
1− 1
q
) `2
2G4
. (8.41)
As we will see below, the semiclassical limit of (8.41) provides a nontrivial
link between the Liouville coupling γ and the gravitational coupling g−2 =
`2/G4. Also we have sen in chapter 4 that the central charge of the theory is
related with the value of Q and therefore γ. This central charge will be used
latter in order to compute the entropy of the configuratio.
As it was said it in chapter 4, the states (4.32) must be analyzed in the limit
of φ0 → ∞ (regardless the sign of µ) , which in our case corresponds to the
tensionless limit, therefore we can see that the tensionless limit provides the
analysis in order to see the normalizable wave functions on the quantum Li-
ouville theory, therefore even that we have choose a particular fixed value for
the Liouville field, we still have the option to perform the quantum local anal-
ysis by using q as the parameter.
Central charge and Cardy formula.
In the semiclassical regime γ2  1, where thus Q ∼ γ−1, there exists a
O(1/γ2) contribution to the Liouville central charge1.
c = 1+ 6Q2 ≈ 6
γ2
, (8.42)
whose value can be computed in terms of the gravity couplings and the orb-
ifold parameter q. From the semiclassical limit of (8.41), we find
cq =
(
1− 1
q
)3`2
G4
. (8.43)
1We recall again that all the definitions must be shifted with the ones given in chapter 4
because of the redefinition of the proportionally term in front of the action.
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As it is noticed, the central charge depends on the q-parameter, it depends
on how deformed is the dS spacetime, and it is not absolute as it is usual in
the Liouville theory. This has been previously study in different contexts on
AdS3/CFT2 correspondence [176], and microscopic description of black hole
horizons [172, 177, 178].
We further observe that in order to ensure unitarity of the theory cq > 0 the
orbifold parameter must be strictly greater than one. Hereafter we assume this
to be case2.
Having obtained the central charge (8.43) and by virtue of the thermal
(canonical) Cardy formula [75, 145] (see subsection 8.1.6)
S Cardyq = pi
2
3
cq,L TL +
pi2
3
cq,R TR , (8.44)
a q-dependent entropy can be computed (as usual, L and R label left and right-
movers central charge and temperature). For a non-chiral Liouville theory, we
have
cq,N = cq,S = cq , TL = TR =
1
2pi
, (8.45)
where TL,R is the near horizon temperature (8.26) at the boundary defects (de-
rived in subsection 8.1.5). Using (8.43) and (8.45) in the Cardy formula (8.44),
we find
S Cardyq =
(
1− 1
q
)pi`2
G4
=
AH
4h¯G4
(
1− 1
q
)
. (8.46)
Where in the second quality we have recovered the value of h¯, and we can
notice that this coincides with (8.27) the one obtained in subsection 8.1.6. The
applicability of the Cardy formula is discussed in [179] where the extended
Cardy regime corresponds to a thermal theory with large central charge as it is
in our scenario.
8.3 Modular free energy and Cardy entropy
As we have seen previously in section 5.2, we can compute the modular en-
tropy by taking minus the derivative respect to the temperature. In [180] there
has been proposed a relation between the free energy and the q-parameter of
the Renyi entropy, where the Renyi parameter is interpreted as a dimension-
less temperature of a Gibbs state [109]. We will show in chapter 7 how the dS
entropy can be interpreted as the entanglement entropy between the past and
future CFT on I± respectively[1]. This result came from the fact that the Renyi
entropy in this setup is a q-independent quantity, and thereby equals entangle-
ment entropy, and also modular entropy. Also, as we have used the canonical
ensemble (see section 3.3), and moreover, the energy of pure dS4 spacetime is
zero [181, 182, 183]. Therefore, we follow to propose the interpretation of the
2We can see from (8.38) and (8.40) that if q < 1, then the curvature on the branes would be
negative. On the other hand, the unity lower bound on q ensures the reality of the couplings
γ and ` in (8.41).
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product of the Cardy entropy (8.46) and a dimensionless temperature T = 1/q
as the modular free energy.
Regarding the q-dependance of the Cardy entropy (8.46), we follow to use
the relation between the Renyi entropy Sq and the Free energy F proposed
by Baez [180], that states that Renyi entropy is a q-deformation of the usual
definition of entropy, and is proportional to the free energy in the canonical
ensemble,
F = −(T − T0)ST0/T , (8.47)
where T0 is the temperature at thermal equilibrium, and ST0/T corresponds to
the Renyi entropy being the Renyi parameter the ratio T0/T. This was previ-
ously conjectured in [184] using the normalized temperature T0 = 1.
This relation can also been rewritten in terms of the thermal entropy Sth as
Sq =
(
q
q− 1
)
1
T0
∫ T0
T0/q
Sth dT . (8.48)
Baez has proposed that the Renyi can be related with the Free energy as in
(8.47), and through a q−1−derivative3
Sq = −
(
dF
dT
)
q−1
≡ −F (T/q)−F (T)
T/q− T . (8.49)
Thereby, considering the normalized temperature, and the Renyi parameter as
q =
T0
T
=
1
T
, (8.50)
the relation simply renders
Fq =
(
1− 1
q
)
Sq , (8.51)
and both quantities are equal up to the fudge factor (1− q−1) . Considering a
modular density matrix ρq = e−qH, can be seen as a modular free energy with
temperature q = T−1 as we will show now.
It has been proposed that the entanglement entropy SE between the con-
formal boundaries of dS4 equals the Gibbons–Hawking entropy of the Cosmo-
logical Horizon [1], which has been previously proposed in black hole physics
[164]. In [1] it is noticed that the Renyi entropy was q−independent (thereby
equals modular entropy) and matches exactly the dS4 entropy, that is in agree-
ment with the computation done using the dS/dS correspondence [163]
Sq = pi`
2
G4
= SdS . (8.52)
3The concept of q−derivative appears firstly in the context of quantum groups, see for
instance [185] .
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Combining (8.52) and (8.47) we obtain
Fq =
(
1− 1
q
)
SdS , (8.53)
that is exactly the Cardy entropy in the canonical ensemble. Thereby using the
Baez formula (8.49), and the temperature T = q−1 we obtain
Sq = −
(
SCardyq
dq−1
)
q−1
=
pi`2
G4
, (8.54)
in agreement with the previous result of [1] . This proposal enhance the possi-
bility to link the thermal Cardy entropy and the Renyi entropy (thereby with
entanglement entropy). As the Renyi entropy is independent of the q−parameter
this quantity equals the modular entropy, and remain fix in the tensionless
limit q → 1 that recovers the original dS smooth geometry. This also can be
seen it by considering the universal terms of the free energy in two-dimensional
conformal field theories [186, 145], where the free energy is
F = pi
6
(
cL
βL
+
cR
βR
)
+ αµ2β , (8.55)
where α is some constant, β is the inverse of the termperature, and µ2 is a term
that appears in the confomal anomaly as
〈T〉 = c
12
(R+ µ2) . (8.56)
Using the stress tensor localized in the branes (2.47), the two-dimensional Ricci
scalarR = 2`−2, and the Liouville central charge (8.43), we conclude that
µ2 = 0 . (8.57)
Hence, using the normalized temperature of the equilibrium β = 1, we con-
clude
F =
(
1− 1
q
)
pi`2
G
= SCardyq , (8.58)
in agreement with the previous computation using the Baez formalism. We
would like in the future to find a precise link in field theory between the Cardy
entropy and the free energy that recovers the above presented result. The dis-
agreement between the vacuum temperatures is due to the conventions on the
definition of density matrix where the temperature is defined with an extra 2pi
coefficient in section 8.2.1.
Then Cardy entropy equals the free energy which corresponds to the mod-
ular free energy for temperature 1/q, where q is the same orbifold anisotropic
parameter that will be used latter as the replica parameter in the computation
of entanglement entropy.
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8.4 dS3 holography from 4 dimensions
We have previously study the tensionless limit giving us the possibility to
understand the dS entropy in four dimensions as entanglement entropy or
modular entropy. We follow to take a different limit, in which the orbifold
geometry recovers the dS3 spacetime in global coordinates, and the original
codimension-2 defects are realized as boundaries in one lower dimension. The
procedure gives the correct central charge of the two-dimensional CFT at the
euclidean boundary of global dS3 [19, 25, 35, 187, 188, 189, 190]. Moreover,
this approach is in agreement with [22, 152, 191] where the dual CFT does not
capture the thermal nature of dS.
In this section we will take the large q-limit (q → ∞) which corresponds to
the zero radius limit of the spindle geometry, as it is shown in Figure 12.
S2
Γθ
S2/Zq
•
•
`q =
`
q
ΣN
ΣS
q→ ∞
dS3
z
Fig. 12: The large q limit of the spindle S2/Zq. The two-dimensional geometry between the defects
ΣN and ΣS fully shrinks to one dimension.
In the global coordinates, the large q-limit takes the form
X0 =
√
`2 − ξ2 cos θ sinh(t/`) , X1 =
√
`2 − ξ2 cos θ cosh(t/`) , (8.59)
X2 = ξ cos θ , X3 = ` sin θ , X4 = 0 ,
which parametrizes the dS3 embedding on the 4-dimensional hyperboloid with
radius `. The geometry resembles to
lim
q→∞ ds
2 = dz2 + cos2(z/`)h , (8.60)
where h corresponds to the induced metrics on the defects (2.43). The latter
corresponds to the global foliation of dS3 spacetime by mapping
z→ iT , t → iτ . (8.61)
90 Chapter 8. Conformal description of the Cosmological Horizon
Then, the compact coordinate z becomes the global time, and the induced met-
rics becomes the unit 2−sphere, viz
lim
q→∞ ds
2 = −dT2 + cosh2(T/`)dΣ22 . (8.62)
Is important to notice, that in this approach, the original codimensional-two
defects ΣN,S are sent to T → ±∞, that corresponds to the conformal bound-
aries of dS3,
(d̂S4, ĝ4)
q→∞−→ (dS3, g3) (8.63)
(ΣS,ΣN) 7−→ (I+, I−) .
We previously shown that both defects admits a description in terms of Liou-
ville theory, that now is mapped to the dual CFTs, which is in agreement with
the literature on dS3/CFT2 [22, 152, 17]. Also in this limit, the dimensionless
temperature vanishes as it is proposed in the previous section, also in agree-
ment with [191]. Now the total central charge of the composite boundaries
I+ ∪ I− can be computed by using the large q-limit in the Liouville central
charge (8.4)
c = c(I+) + c(I−) = c∞(ΣN) + c∞(ΣS) = 6`
2
G4
. (8.64)
Now we follow to express the four-dimensional Newton constant in terms of
the three-dimensional Newtons constant
G4 = Vol(S1)G3 , (8.65)
where Vol(S1) is the average volume of a meridian Σθ located at a polar angle
as it is shown in Figure 12. This average is given by
Vol(S1) = 4` , (8.66)
finally obtaining
G4 = 4`G3 . (8.67)
Thereby, the central charge in the large q−limit corresponds
c =
3`
2G3
, (8.68)
exactly as has been previously derived in the dS3/CFT2 correspondence [19,
25, 35, 187, 188, 189, 190]. Notice that in such limit, the temperature of the
Liouville theory q−1 vanishes, and the dual theory is a non-thermal Euclidean
Liouville theory with fixed values, in agreement with [190].
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9 Conclusions
In this work two different approaches to describe the Gibbons-Hawking en-
tropy as entanglement entropy has been pointed out. Both of them relies on
the use of an extended static patch for dS spacetime. Onto this static patch
an orbifold on the horizon has allow us to interpretate the Gibbons-Hawking
entropy between two disconnected conformal field theory living at past or fu-
ture infinity of the spacetime, and the entanglement between two disconnected
bulk region. The first one is motivated by the existence of the dS/CFT corre-
spondence, in which we recover the semiclassical Gibbons-Hawking entropy.
In the second we have just made use of the properties of causality that posses
the spacetime manifold, and assuming the existence some quantum gravity
theory that can be semiclassically approximated by the on-shell Einstein grav-
ity. In this last we have obtain a quarter of the area law (7.40) for the area of
the set of fixed points of the Zq action on the bulk geometry, therefore entan-
glement follows simply by topology. Which in the case of restricting ourself of
a single Rindler wedge we recover the dS4 entropy as entanglement entropy.
Also, as it is noticed, the Renyi entropy equals the modular entropy and the
entanglement entropy, as it is a q−independent quantity, in agreement with
[44], and thereby we found a connection between Cardy entropy and the mod-
ular free energy using the q−1-derivative as it is proposed by Baez [180]. We
also backup the latter using the universal terms in the free energy for two-
dimensional thermal conformal field theories [186].
The bulk Zq symmetry is interpreted as a massive observer in dS space that
back-reacts such that the SO(3) symmetries of the horizon are broken just to
a discrete Zq symmetry that give rise to two codimension 2 defects that con-
tain the worldline of the observers defined on the fixed points of an S2/Zq
orbifold. Such geometry enhance the possibility to take different limits that
realize holography in dS spacetime.
Also this has suggest a possibility to define the four-dimensional dS en-
ergy in terms of the expectation value of the modular Hamiltonian, which in
the tensionless limit is zero. As a future direction on this subject would be
to extended this notion of entanglement on the bulk, that is provided just by
topology, to AdS4 spacetime with no holographic framework. This by noticing
that if we glue together two AdS spaces along their conformal boundary we
could treat this as two different Rindler wedges and perform the same calcu-
lation that has been done in subsection 7.2.1 but for a H2/Zq orbifold. For
more discussion on this and generalization to multiple boundaries manifold
see [1]. We would like to also obtain quantum corrections to the entanglement
entropy using the formulation given by Faulkner, Lewkowycz, and Maldacena
in [192], and the study of inclusion of higher curvature corrections to gravity
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[193, 194, 195, 196, 197, 198, 199, 200, 201] .
Another approach that we have use on this work, relies on two-dimensional
CFT tools, in which a relation between the central charge of the theory an its en-
tropy has been pointed out by Cardy. We have made use of the isometry group
of the extended static patch, that allow us to mimic the NHEK (8.6) geometry
and made use of the Kerr/CFT mechanism and analyze the asymptotic sym-
metry group obtaining a Virasoro algebra providing the central charge. Also
for this conformal description, based on Solodukhin description of spherical
killing horizons,we have proposed the Liouville CFT for a fixed value of the
Liouville field to describe the defects. The resulting entropy via Cardy’s for-
mula in both cases give rises to the relative entropy that relates the amount
of free energy that it cost to generate this defects. Therefore in the tensionless
limit the quarter of the horizon’s area entropy its recovered.
Also in the last section, we compute the modular free energy giving the
Gibbons–Hawking entropy. Moreover, we take the large q−limit in order to
realize dS3 holography. In this approach, the defects are mapped to the con-
formal boundaries of dS3, and is it in agreement with the literature where the
conformal screens are described using Liouville theory. We are currently ex-
ploring the same approach in AdS spacetime and the higher dimensional real-
ization of the BTZ black hole and AdS3 holography. We summarize the result
of the last section in the following diagram, where we want to emphasize the
dS4/ZqGlobal dS3 Static dS4
q→ ∞ q→ 1
Liouville theory
on ΣN,S
Non-thermal
Liouville theory I±
Defects (cod-2)Boundaries (cod-1)
q→ ∞
Regarding future work, we are currently trying to formulate (higher spin)
gravity theories as topological field theories of the AKSZ type [202] (following
[203, 204, 204, 205]) which are formulated in multi-boundary manifolds. In this
shceme is possible to add extended objects of different codimensions, such that
the Hilbert spaces are assigned to boundaries, exactly as we shown in the last
section. In this moduli space, the dualities between different Hilbert spaces are
associated to defects and boundaries involving a ladder of dualities between
different codimensions, and different limits. Therefore, this thesis corresponds
just to a particular realization of the latter.
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A Saddle Point Approximation
The saddle point approximation is just a mathematical trick that allow us to
compute integrals that have the form
I =
∫ ∞
−∞
dx exp{− f (x)} , (A.1)
we know that is have a point f (x0) that is very small minimum point, therefore
exp{−1} would be way bigger than exp{− f (x0)}. Expanding around this
point
f (x) ∼ f (x0) + 12(x− x0)
2 f ′′(x0) + . . . , (A.2)
where we have used the fact that we are expanding around a minimum, i.e.,
f ′(x0) = 0. Therefore the integral renders
I ∼
∫ ∞
−∞
dx exp{− f (x0)− 12(x− x0)
2 f ′′(x0) + . . . }
∼ exp{− f (x0)}
∫ ∞
−∞
dx exp{−1
2
(x− x0)2 f ′′(x0)} , (A.3)
and using Gaussian integration we obtain
I ∼ exp{− f (x0)}
√
2pi
f ′′(x0)
. (A.4)
This is very used in physics to calculate this sort of integrals, they appear for
example in statistical mechanics on the partition functions
Z =
∫
Dφi exp{−βF[φi]} , (A.5)
expanding the free energy as above
F[φi] ∼ F[φo,i] + 12∑ij
(φi − φo,i)(φj − φo,j) ∂
2F
∂φi∂φj
, (A.6)
where F[φ0,i] is the ground state contribution, and the other term gives a gaus-
sian integral that can be solved in the limit β→ ∞.
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B Thermofield Double State
As an easy example of an entangled state, we refer to the thermofield double state
[206] which it normalized quantum state is defined in terms of the Energy E as
|Ψ〉 = 1√Z ∑q
exp
{
−βEq
2
}
|q〉a ⊗ |q〉b , (B.1)
this will also be the proposed dual state of the entangled Rindler observed pro-
posed in chapter 7.
The reduced density matrix of this system becomes simply the normalized
Gibbs state for the modular Hamiltonian
ρa =
1
Z ∑q
exp{−βEq} |q〉a a 〈q| ,
=
1
Z exp{−βHa} . (B.2)
This corresponds to purify a thermal state on the subsystem a in the total Hilbert
space, just by copying vectors from a to b, and this measure the entanglement
of this purification of a thermal state.
The entanglement entropy of this corresponds to
SE = − Tra [ρa(−βHa − logZ)] (B.3)
= β [〈Ha〉 − F ] , (B.4)
where F is the standard thermal free energy F = − 1β logZ .
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